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Abstract. The class of quantum afHnizations (or quantum loop algebras, see [Dr2, CP3, GKV, 
VV2, Mil, Nl, Jin, H3]) includes quantum affine algebras and quantum toroidal algebras. In 
general they have no Hopf algebra structure, but have a "coproduct" (the Drinfeld coproduct) 
which does not produce tensor products of modules in the usual way because it is defined in a 
completion. In this paper we propose a new process to produce quantum fusion modules from it : 
for all quantum affinizations, we construct by deformation and renormalization a new (non semi- 
simple) tensor category Mod. For quantum affine algebras this process is new and different from 
the usual tensor product. For general quantum affinizations, for example for toroidal algebras, 
so far, no process to produce fusion modules was known. We derive several applications from 
it : we construct the fusion of (finitely many) arbitrary i-highest weight modules, and prove 
that it is always cyclic. We establish exact sequences involving fusion of Kirillov-Reshetikhin 
modules related to new T-systems extending results of [N4, N3, H5]. Eventually for a large class 
of quantum affinizations we prove that the subcategory of finite length modules of Mod is stable 
under the new monoidal bifunctor. 
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1. Introduction 



In this paper q G C* is not a root of unity. 

Drinfeld [Drl] and Jimbo [Jim] associated, independently, to any symmctrizable Kac-Moody alge- 
bra q and q £ C* a Hopf algebra U q (o) called quantum Kac-Moody algebra. The quantum algebras 
of finite type U q (o) (g of finite type) and their representations have been intensively studied (see 
for example [CP3, L2, R2] and references therein). The quantum affine algebras U q {o) (g affine 
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algebra) are also of particular interest : they have two realizations, the usual Drinfeld-Jimbo real- 
ization and a new realization (see [Dr2, B]) as a quantum affinization of a quantum algebra of finite 
type U q {o). Quantum afhne algebras and their representations have also been intensively studied 
(see among others [AK, CP1, CP2, CP3, EM, FR, FM, H5, Kas2, Nl, N4, VV3] and references 
therein) . 

The quantum affinization process (that Drinfcld [Dr2] described for constructing the second 
realization of a quantum affine algebra) can be extended to all symmetrizable quantum Kac-Moody 
algebras U q (g) (see [Jin, Nl]). One obtains a new class of algebras called quantum affinizations 
: the quantum affinization of U q (g) is denoted by U q (g) and contains U q (g) as a subalgebra. The 
quantum affine algebras are the simplest examples and have the singular property of being also 
quantum Kac-Moody algebras. The quantum toroidal algebras (affinizations of quantum affine 
algebras) are also of particular importance, see for example [GKV, Mif, Mi2, Nl, N2, Sa, Sc, STU, 
TU, VV2]. In analogy to the Frobenius-Schur-Weyl duality between quantum groups of finite 
type and Hecke algebras [Jim2], and between quantum affine algebras and affine Hccke algebras 
[CP4], quantum toroidal algebras have a close relation [VV1] to double affine Hecke algebras and 
their degenerations (Chcrcdnik's algebras [Che2]) which have been recently intensively studied 
(for example see [BE, Chel, GGOR, GS, V, VV4] and references therein). In general a quantum 
affinization (for example a quantum toroidal algebra) is not isomorphic to a quantum Kac-Moody 
algebra and has no Hopf algebra structure. For convenience of the reader, we "describe" in the 
following diagram the relations between these different algebras (in particular with the two main 
classes of algebras considered in this paper, quantum Kac-Moody algebras on the left and quantum 
affinizations on the right). 



Quantum Kac-Moody 
Algebras 



Quantum algebras of finite type 
Quantum affine algebras 

- int. highest weight rep. [Rl, L2J 

- Hopf algebras in general 

- Semi-simple category O of int. rep. 

- Tensor category 



Hecke algebras 



[Jim2J 



ID.-2J 



[Dr2.B] . 



[GKV, Nl, Jin] 



Drinfeld Quantum Affinization Process 



Quantum affinizations 



Quantum affine algebras 



Quantum toroidal algebras 



- int. 1-highest weight rep. 

[CP1, Mil, Nl, H4] 

- Not Hopf algebras in general 

- Category O of int. rep. not semi-simple 

- Combinatorial fusion product [H4J 

- Tensor category '.' 



Affine Hecke 
algebras 



[CP3J 

Cherednik 
algebras 



[VV1J 



We denote by f) (resp. U q {\))) the Cartan subalgebra of 9 (resp. U q (g)). U q (t)) C U q {o) is the 
quantum affine analog of the Cartan subalgebra. 
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In analogy to the generalization of the representation theory of quantum algebras of finite type to 
general quantum Kac-Moody algebras (see [L2]), a natural question is to extend the representation 
theory of quantum afhne algebras to general quantum affinizations. By extending the results of 
[CP3] (quantum afhne algebras), [Mil] (quantum toroidal algebras of type A) and [Nl] (general 
simply-laced quantum affinizations), we established in [H3] a triangular decomposition of U q (g) 
which allowed us to begin the study of the representation theory of general quantum affinizations : 
one can define the notion of Z-highest weight representations of U q (g) (analog to the usual notion of 
highest weight module corresponding to U q {\))). One says that a W g (g)-module is integrable (resp. 
in the category O) if it is integrable (resp. in the category O) as a W 9 (g)-module. Let Mod(W g (g)) 
be the category of integrable W g (g)-module which are in the category O. It appears that U q (g) 
has numerous Z-highest weight representations in Mod(W q (g)) and that one can classify the simple 
ones. The category Mod(U q (g)) is not semi-simple. 

No Hopf algebra structure is known for U q (g) except in the case of quantum afhne algebras. 
However in [H3] we proved via Frcnkcl-Reshetikhin g-charactcrs the existence of a combinatorial 
fusion product in the Grothendieck group of Mod(W q (jj)), that it to say a product in the semi- 
simplified category As Mod(U q (g)) is not semi-simple, this fusion product can not a priori be 
directly translated in terms of modules. 

Each quantum affinization has a "coproduct" (the Drinfcld coproduct) which is defined in a com- 
pletion of U q (o) <g> U q (s). Although it can not be directly used to construct tensor products of 
integrable representations (it involves infinite sums), we propose in the present paper a new pro- 
cess to produce quantum fusion modules from it : for all quantum affinizations we construct by 
deformation of the Drinfcld coproduct and rcnormalization a new (non semi-simple) tensor cate- 
gory Mod. In particular it gives a representation theoretical interpretation of the combinatorial 
fusion product and we get several applications from it. For quantum affine algebras this process is 
new and different from the usual tensor product (we prove that it has different properties), and for 
general quantum affinizations (as general quantum toroidal algebras) no process to produce fusion 
of modules was known so far. 

For this construction, the first technical point that we solve is a rationality problem for the depen- 
dence in the deformation parameter u of the Drinfeld coproduct. Let U' q (g) = U q (g) ® C(u). We 
consider a "good" category Mod(W ? (g)) of ^(g)-modules V with an integrable i/ g (f))-submodulc 

W C V satisfying V ~ (W ®c C(u)), U q {$)(W ® C[u ± ]) C (W © €[«*]), and some additional 
technical properties. It appears that the action of U q (g) has a nice regularity property which is 
compatible with the Drinfeld coproduct and leads to this rationality, that is to say that Mod(U' q (g)) 
is stable under a tensor product. The second point is the associativity : the Drinfeld coproduct 
is coassociative, but the deformation parameter u breaks the symmetry and the M-deformed Drin- 
feld coproduct is not coassociative in the usual sense. However there is a "twisted" coassociative 
property which allows us to get the associativity of a new monoidal structure on the category 
Mod = Mod © (Mod(Z^(fl)) © Mod(W ? (g)) © • • • ) (here Mod is an abelian semi-simple category 
with a unique simple object corresponding to a neutral object of the category). 

Besides we prove that for a large class of quantum affinizations (including quantum affine algebras 
and most quantum toroidal algebras) the subcategory of modules with a finite composition scries 
is stable under the monoidal bifunctor. This proof uses the specialization process described below 
and an investigation of the compatibility property between generalizations of Frenkel-Reshetikhin 
g-characters and the monoidal bifunctor. We get in particular that all Z-highest weight modules of 
the category Mod(W g (g)) have a finite composition series. 
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In order to go back to the usual category Mod(W 9 ($))), we prove the existence of certain forms for all 
cyclic modules (A- forms) : such forms can be specialized at u = 1 and give cyclic ^/ g (g)-modules; 
the proof uses the new rationality property. As a consequence, we can construct an /-highest weight 
fusion U q (g)-module V\ */ Vi from two /-highest weight U q (g)-modules V\ , V%. In particular a simple 
module of Mod(£Y 9 (g)) is a quotient of a fusion module of fundamental representations (analog to 
a result of Chari-Pressley for the usual coproduct of quantum affine algebras). We establish a 
cyclicity property of the fusion of any /-highest weight modules : it is always an /-highest weight 
module. For quantum affine algebras this property is very different from the properties of the usual 
tensor product. It allows to control the "size" of the modules obtained by */; in particular we can 
produce " big" integrable /-highest weight modules whose existence was a priori not known. We get 
moreover another bifunctor ® d : Modf(W g (fj)) x Modf(W q ({j)) -> Modf(W g (fl)) where Modf(W g (fl)) 
is the category of finite dimensional representations (in general (£><2 does not coincide with *f). 

Let us describe an application. One important aspect of the representation theory of quantum 
affine algebras is the existence of the Kirillov-Rcshetikhin modules whose characters are given by 
the certain explicit "fermionic" formulas. The proof of the corresponding statement (the Kirillov- 
Rcshetikhin conjecture) can be obtained from certain T-systems originated from the theory of 
integrable systems. These T-systems can be interpreted in the form exact sequences involving 
tensor products of Kirillov-Reshctikhin modules; they were first established in [N3] for simply- 
laced quantum affine algebras (with the main result of [N4]) and then in [H5] for all quantum 
affine algebras (with a different proof). In the present paper we establish for a large class of 
general quantum affinizations exact sequences involving fusion of Kirillov-Reshetikhin modules : 
the usual tensor product can be replaced in the general situation by the fusion constructed in this 
paper. It is related to new generalized T-systems that we define and establish. The existence of 
such new T-systems is a new particular regularity property of the representation theory of general 
quantum affinizations. 

We would like to mention other possible applications and new developments : for example 
the quantum fusion tensor category should lead to the description of the blocks of the cate- 
gory Mod(U q (g)). Besides the generalized T-systems established in this paper should lead to 
new fermionic formulas in analogy to the case of quantum affine algebras and should have a nice 
interpretation in terms of integrable systems. It would be interesting to relate the quantum fusion 
to the Feigin-Loktev fusion procedure defined for classical affine algebras [FL] . We believe that the 
deformation of the Drinfeld coproduct used is a particular case of a more general framework in- 
volving some deformed Hopf structure on Z-graded algebras (" quantum Hopf vertex algebras" that 
we hope to describe in another paper). Eventually the tensor category constructed in this paper 
should be related to certain new Hopf algebras in the Tannaka-Krein reconstruction philosophy. 

Let us describe the organization of this paper : 

In section 2 we give the background for general quantum affinizations and their representations 
and we recall the main results of [H3]. In section 3 we construct the "quantum fusion" tensor 
category Mod (theorem 3.12) with the help of the intermediate category Mod(U' (q)) (definition 
3.6) and establish the rationality property in u. The case of fusion of Kirillov-Reshetikhin modules 
of the quantum affine algebra U q {sl2) is studied explicitly in subsection 3.4. In section 4 we 
define and study the notion of ,4-form (definition 4.1). In particular we prove in theorem 4.6 
that one can define A- forms of cyclic modules of the category Mod(U q (g)). It gives rise to the 
two following constructions : a fusion /-highest weight module from two /-highest weight modules 
(definition 4.10), and in the case of a quantum affine algebra a new bifunctor for the category 
of finite dimensional representations (theorem 4.13). In section 5 we prove for a large class of 



DRINFELD COPRODUCT, QUANTUM FUSION TENSOR CATEGORY AND APPLICATIONS 



5 



quantum affmizations that the subcategory of finite length modules is stable under the monoidal 
bifunctor (theorem 5.27) by proving the compatibility with the g-charactcrs (theorem 5.12) and 
with the combinatorial fusion product introduced in [H3] ; as a by-product we get a representation 
theoretical interpretation of this combinatorial fusion product (corollary 5.15). In section 6 we 
describe several applications : first we prove that a simple module of Mod(U q (g)) is a quotient 
of the fusion of fundamental representations (proposition 6.1); we establish a cyclicity property 
which allows to control the "size" of this fusion module (theorem 6.2 and corollary 6.3). Then we 
establish an exact sequence involving fusion of Kirillov-Reshetikhin modules (theorem 6.7). It is 
related to new generalized T-systems (theorem 6.10). In subsection 6.3 we address complements 
on additional questions and further possible applications. 

The main results of this paper were first announced in the " seminaire quantique" in Strasbourg 
and at the conference "Representations of Kac-Moody Algebras and Combinatorics" in Banff 
respectively in January and March 2005. 

Acknowledgments : The author would like to thank V. Chari, E. Frcnkel, A. Moura, N. 
Reshetikhin, M. Rosso, O. Schiffmann and M. Varagnolo for useful discussions. This paper was 
completed as the author visited the university La Sapicnza in Rome as a Liegrits visitor; he would 
like to thank C. De Concini and C. Procesi for their hospitality. 

2. Background 

In this section we give backgrounds on general quantum affmizations and their representations 
(we also remind results of [H3]). In the following for a formal variable u, C^], C(u), C[[u]], C((u)) 
are the standard notations. 

2.1. Cartan matrix. A generalized Cartan matrix is a matrix C = (Ci,j)i<ij<n satisfying Cjj G 
Z, C Vi = 2, (i ^ j =>■ dj < 0) and (C itj = & C jti = 0). We denote"/ = {l,...,n} and 
I = rank(C). For i, j G I, we put <Jjj = if i ^ j, and <5;.j = 1 if i = j. 

In the following we suppose that C is symmetrizable, that means that there is a matrix D = 
diag(ri, ...,r n ) (r, G N*) such that B = DC is symmetric. In particular if C is symmetric then it 
is symmetrizable with D = I n . In the following B, C and D are fixed. 

q G C* is not a root of unity and is fixed. We put = q Ti and for I G Z, we set [l] q = q _ q _ 1 G Z[q ' ]. 
Let C (q) be the quantized Cartan matrix defined by (i =/= j G /) : 

Oi,i{q) = qi + qi 1 , C ltj {q) = [C ltj ] q . 

We denote by D{q) the diagonal matrix such that for i, j G /, D iy j(q) = 5ij[ri] q . If det(C(qj) ^ 0, 
we denote by C(q) the inverse matrix of C(z). 

We fix a realization (t),II,IT v ) of C (see [Kac]): \) is a 2n — I dimensional Q-vector space, II = 
{a-y, ...,«„} C t)* (set of the simple roots), IT V = {a/, ...,a^} C f) (set of simple coroots) and for 
1 < hi < n: a j{ aX i) — Cij. Denote by Ai, A„ G f)* (rcsp. the ...,A^ G t)) the fundamental 
weights (resp. coweights). By definition a^(AJ) = Aj(aJ) = 5^. 

Consider a symmetric bilinear form (, ) : t)* x f)* — > Q such that for i G I, v G f)* : (ai, v) = v(ri<xj(). 
It is non degenerate and gives an isomorphism u :[)*—> t). In particular for i G / we have 
v(oti) = na( , and for A, [i G f)* X(i/(fj,)) = //(i/(A)). 

Denote P = {A G f>*|Vi G I,\(o%) G Z} the set of integral weights and P+ = {A G P|Vz G 
J, A(a/) > 0} the set of dominant weights. For example we have ai, a n G P and Ai, A„ G P + . 
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Denote Q = {B ie j^ai C P the root lattice and Q + = J2iei^ a i C Q- Define h : Q + — > N such 

that /l(ZxQ!l + ••• + ln(*n) = h + ■■■ + In- 

For A,/i€ f)*, write A > fi if A - /_* e Q + . For A e fj*, denote 5(A) = {// e f)*|// < A}. 

2.2. Quantum Kac-Moody algebra. In the following g is the symmctrizablc Kac-Moody alge- 
bra associated with the data (f),II,n v ) fixed in section 2.1 (see [Kac]). 

Definition 2.1. The quantum Kac-Moody algebra U q (g) is the C-algebra with generators kh (h € 
f)), xf (i S I) and relations: 

k h k h > = k h+ h' , k = l , k h xfk- h = q ±a ^ h) xf, 



X i X j X j X i ~ °i,3 -1 

Qi- & 



y. Mr 

t ;• l C ; x ' 



1-dj 



(xt) 1 - c ^- r xf(xfy = (fori^j). 



This algebra was introduced in [Drl, Jim]. It is remarkable that one can define a Hopf algebra 
structure on lA q (o). In this paper we use the standard coproduct given by 

A(A; fe ) = k h <g> k h , A(x+) = xf ® 1 + kf ® xf , A(x~) = xr ® fcr + 1 ® x", 

where we denote fc^ 1 = fc± ria! y. In particular we have a tensor structure on the category of 
U q (Q)-modules. 

2.3. Quantum amnizations. For g a semi-simple Lie algebra, the affine Kac-Moody algebra 
associated to g is usually denoted by g (see [Kac]). That is why the quantum affine algebra is 
usually denoted by U q {o). We will use this notation for general quantum affinizations. In the 
following g is the symmetrizable Kac-Moody algebra fixed in section 2.1 with datas C, B, D. We 



will define U q (g) the affinization of U q (o) as an algebra with generators xf r (i £ I,r S Z), k, 
(h G rj), hi lTn (i S I,m £ Z — {0}). Let z be a formal variable and <5(z) = J2 r ez zT - The relations 
are given in terms of the currents 



xt(w) = xf w r , 



= E m>0 ^±™ z± " 1 = & ±n< ex P (±(g - g- 1 )£ m ,> 1 fc,± m <* ±m '). 

We also set 0+ TO = for m < and </>~ m = for m > 0. (In this paper we omit the central 
elements because they act trivially on the considered representations). 

Definition 2.2. The quantum affinization U q (o) is the C-algebra with generators xf r (i £ I,r £ Zj, 
kh (h El)), hi tm (i £ 7,m S Z — {0},) and relations (h,h' £ I), i, j £ I) : 

(1) fcfcfcv = fcft+ft' , fco = 1 , kh4>f{z) = <Pi (z)k h , 



(2) fc h zf(z) = g ±a 'Wz2=C8)A; h> 

(3) 4>t(*)4M = q 'Tb~! 4W^( z ). 



(4) = t^^W^W. 
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(5) xf(z)xj(w) - xj(w)x+(z) = -JM-^yfytiW - 5(-)0-(z)), 

q i -q i z w 



(6) (w - q ±Bi ^z)xf(z)xf(w) = (q ±B *->w - z)xf{w)xf(z), 



( 7 ) E E (-!) fe 



x f : (wn(i))-xf {w n(k) )xf (z)xf {w n{k+1) )...xf {w n(s) ) = 0, 



J 
1i 



where the last relation holds for all i ^ j, s = 1 — Ci_j, sequences of integers n, ...,?V £ s zs 
£/ie symmetric group on s letters. In the equation (3) (resp. equation (4)), q w ±bI is viewed as 
a formal power series in z/w expanded around oo (resp. 0). 

When C is of finite type, U q (g) is called a quantum affine algebra, and when C is of affine type, 
U q {g) is called a quantum toroidal algebra. There is a huge amount of very interesting papers 
on quantum affine algebras (see the introduction for references). They have the very particular 
property to be also quantum Kac-Moody algebras [Dr2, B]. The quantum toroidal algebras are 
also of particular importance and are closely related via a Frobenius-Schur-Weyl duality [VV1] to 
double affine Hecke algebras (Chercdnik's algebras, see the introduction for references). In general 
a quantum affinization (for example a quantum toroidal algebra) is not isomorphic to a quantum 
Kac-Moody algebra. 

Note that formulas (3), (4) are equivalent to (sec for example [H3]) : 

(8) hi,m,Xj r Xj r hi rn zb \rflBi j]qX „• m _i_ r . 

TO 

Relations (7) are called affine quantum Serre relations. 

There is an injective algebra morphism U q (g) — ► U q (g) defined by kh i— > kh , xf i— > xf Q for h G f) , i G 
/. For i e I, the subalgebra Ui C U q (g) generated by the x ir , hi_ mi k pa v (r g Z,m ^ 0,j) £ Q) is 
isomorphic to U qi {sl2). 

Let W g (g) ± (resp. U q (i))) be the subalgebra of U q {g) generated by the xf r (resp. by the kh and 
the hj, <r ). We have a triangular decomposition : 

Theorem 2.3. [B, H3] The multiplication x~ (g> h ® x + i— > x~hx + defines an isomorphism of 
C-vector space U q {g)~ ®U q (g) ®U q (g) + ~ W g (fl). 

The result was proved in [B, Proposition 6.1] for quantum affine algebras (see also [CP3, Proposition 
12.2.2]) and the general case is treated in [H3, Theorem 3.2] (the result follows from [B, Proposition 
6.1] for Cartan matrices satisfying [i ^ j Ci_jCj.i < 3); in general the technical point is to 
check the compatibility with affine quantum Serre relations (7). The proof [H3] implies some 
combinatorial relations discovered by Jing [Jin, Theorem 6.1]). 

2.4. The category M.od(U q (g)). In this section we recall results on the category of integrable 
Z// g (g)-modules which are in the category O defined below. 

For V a i/ g (f))-module and to G ()* we denote by the weight space of weight to 

V u = {v G V\ih G E), k h .v = q u Wv}. 

We say that V is ZY g (fj)-diagonalizable if V = ©^ei>* K,. We have the following standard definitions 
(see [Kac] for the classical definition) : 
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Definition 2.4. A U q (t)) -module V is said to be integrable ifV is U q (t))-diagonalizable and for all 
w € fj* , Vaj is finite dimensional, and for i G / i/iere is R > such that (r > R . =>■ V^i,-^ = {0}). .A 
lA q {g)-module (resp. a U q {g) -module) V is said to be integrable ifV is integrable as a U q (\)) -module. 

An integrable representation is not necessarily finite dimensional. 

We have the natural analog of the classical category O of Kac-Moody algebras [Kac] : 

Definition 2.5. A U q (\)) -module V is said to be in the category 0(U q {\))) if 

i) V isU q (f))-diagonalizable, 

ii) for all u> G i)* , dim{V u ) < oo, 

Hi) there is a finite number of element Ai,...,A s G f)* such that the weights of V are in 
U J -=i,..,.5(A 3 -). 

Definition 2.6. For m respectively equal to t), g, g, we denote by Mod(U q (m)) the category of 
U q (m) -modules which are integrable and in the category 0(U q (t))) as a U q (t)) -module. 

The category Mod(U q (g)) (in a slightly more general form) is considered in [L2]. Definitions for 
modules are given in [Nl, section 1.2]. 

For A G P, denote by L(X) the simple highest weight W g (rj)-module of highest weight A. We have 
(see for example [Rl, L2]) : 

Theorem 2.7. L(A) G Mod{U q {g)) if and only if X G P+. 

The category Mod(U q (g)) is semi-simple. But Mod(U q (g)) is not semi-simple. 

By generalizing the approach of finite dimensional representations of quantum affinc algebras 
developed in [CP3], and definitions in [Nl, Mil], we defined in [H3] for general quantum affinization 
U q {g) : 

Definition 2.8. An l-weight is a couple (A, iff) where X G P and iff = ( v E , ^ ±m )ie/. m >0; such that 
$*± m e C * and yf.o = qt^^ fori Gl and m > 0. 

A U q (g)-module V is said to be of l-highest weight (A, iff) if there is v G V\ (l-highest weight vector) 
such that V = U q (g).v and xf r .v = 0, (j)f ±m .v = ifff ±m v for i G I , r G Z and m > 0. 

An l-weight (A, , 5) is said to be dominant if there is an n-tuplet of (Drinfeld) polynomials (Pi(u))i e i G 
(C[u]) n satisfying for i G 1 , Pi(0) = 1 and the relation in C[[z\] (resp. in C[[z _1 ]] / ): 



(9) Y,*t± m * ±m 



^m>0 *'±™ * P^ZQi) 

The element iff in an /-weight (A, iff) is called a pseudo- weight. 

Theorem 2.3 implies that for (A, iff) an /-weight there is a unique simple module L(X, if 1 ) of /-highest 
weight (A, iff). Moreover : 

Theorem 2.9. [CP3, Mil, Nl, H3] We have L(X,ff) G Mod(U q (g)) if and only if (X, iff) is domi- 
nant. 



This result was proved in [CP3, Theorem 12.2.6] for quantum affinc algebras (moreover in this case 
these integrable representations are finite dimensional), in [Mil, Theorem 1] for quantum toroidal 
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algebras of type A, in [Nl, Proposition 1.2.15] for general simply-laced quantum affinizations and 
in [H3, Theorem 4.9] for general quantum affinizations. 

Examples. For i G /, a G C*,r > 1, consider the /-weight (A*, ^i, a ,r) where ^!%, a ,r is given by 
equation (9) with the n-tuplet P,-(tt) = (1 — uo)(l — uaqf) ■ ■ ■ (1 — uaqf < " r ^ 1 " > ) and Pj{u) = 1 for 

j ^ i. The i/g(fl)-module W^l = L(^i^i,a,r) e Mod(W g (g)) is called a Kirillov-Reshetikhin 
module. 

In the particular case r = 1, the W g (g)-module Lj iQ = „ is called a fundamental representation. 

For A G P satisfying (Vj G /, A(aJ) = 0), consider the Z-wcight (A, ^o) where \l/o is given by 
equation (9) with the n-tuplet Pj{u) = 1 for all j G I. The W g (§)-module La = L(X,^q) G 
Mod(Z4j(jj)) is also called a fundamental representation in this paper. 

3. Construction of the quantum fusion tensor category Mod 

In general a quantum affmization U q (g) has no Hopf algebra structure (except in the case of 
quantum affine algebras where we have the coproduct of the Kac-Moody realization). However 
Drinfcld (unpublished note, see also [DI, DF]) defined for U q (sl n ) a map which behaves like a 
new coproduct adapted to the affmization realization, but it is defined in a completion and can 
not directly be used to define tensor product of representations. In this paper we construct a 
corresponding tensor category (section 3) by deforming the Drinfcld coproduct, see how to go 
back to the category Mod(W 9 (g)) by specialization (section 4), and give applications of these 
results (section 6). We also prove in section 5 that it induces a tensor category structure on 
the subcategory of modules of finite length. For quantum affine algebras this process is new 
and different from the usual tensor product (we prove that it has different properties), and for 
general quantum affinizations (as general quantum toroidal algebras) there was no process to 
construct fusion of modules so far. For this construction, the first technical point that we solve is a 
rationality problem for the dependence in the deformation parameter u of the Drinfcld coproduct 
(lemma 3.10). The second point is the associativity : the u-deformed Drinfeld coproduct has 
a "twisted" coassociative property which allows us to get the associativity of the new monoidal 
structure (lemma 3.4). 

In this section we define the category Mod (definition 3.6) and the tensor structure (theorem 3.12). 
The case of fusion of Kirillov-Reshetikhin modules of the quantum affine algebra U q (sl2) is studied 
explicitly in subsection 3.4. 

3.1. Deformation of the Drinfeld coproduct. In this section we study a u-deformation of the 
Drinfcld coproduct, in particular a "twisted" coassociativity property (lemma 3.4). 

Let U'Jg) = U q (g)<8iC(u) and U q {Q)®U q {o) = (U q (Q)®<cU q {Q)){(u)) be the u-topological completion 
of Uq(g>) ®c(«) W q {$)- L et ^g(fl) be the algebra defined as U q (g,) without affine quantum Serre 
relations (7). We also define U q (g) = Uq(g) (g) C(u) and U q {Q)®U q {%) = (W,(g) ®c U q {$))((u)). 

In [H3, Proposition 6.3] we introduced a it-deformation of the Drinfeld coproduct : 

Proposition 3.1. There is a unique morphism of C(it)- algebra A u : W q (g) — > U' q {Q)®U q (Q) such 
that for i G /. r G Z, m > 0, h G f): 

(10) M<r) = <r ® 1 + T, s> /' +l ^-s ® <r+s), 
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(11) M*r.) = u r (l ® *r.) + >( /<X>- s ® 

(12) A u (^ ±m ) = E < s < m w±S «±(™- S ) ® <±-)« 

(13) A u (k h ) = k h ® k h . 

If (i 7^ j Ci jCj i < 3), then Ai is compatible with affine quantum Serre relations (7) (see 
[DI, E, G]). By definition of A u , this can be easily generalized to : 

Corollary 3.2. J/ (i =/= j =>■ C^jCj^ < 3), i/ien i/ie map A u induces a morphism A u : U^(q) — > 
^(fl)®^(fl)- 

This case includes quantum affine algebras and most quantum toroidal algebras (except A J \ A^ , 
I > 0). 

Remark 3.3. Note that the simple l-highest weight modules of U q (g) are the same as for U q (o) 
(via the projection U q (o) — > lA q (o)). From corollary 3.2, if (i ^ j => CijCjj < 3), the results in 
this paper can be indifferently stated and proved for U q {o) or U{q). So in some sections, we use 
the following notation : 

1) If (i 7^ j =>• Ci.jCj.i < 3), U q {o) (resp. Li q (Q),lA'(Q)) means the algebra with affine guantum 
Serre relations (7). 

2) Otherwise, ti q (o) (resp. lA q (o) ,lA' q (Q) ) means the algebra without affine quantum Serre rela- 
tions (7). 

This point will be explicitly reminded in the rest of this paper by references to this remark. 

Observe that for i £ I, the subalgebra U[ = Ui <E>c C(u) C U' q (o) is a "Hopf subalgebra" of W q (g) 
for A u , that is to say A U (U!) C U[®U[. 

The usual coassociativy property of a coproduct A is (Id (g> A) o A = (A ® Id) o A. This relation 
is not satisfied by A u . However, wc have a "twisted" coassociativity property satisfied by A u and 
obtained by replacing the parameter u by some power of u (at the "limit" u = 1 we recover the 
usual coassociativity property). This relation will be crucial in the construction of the quantum 
fusion tensor category (note that we do not use the quasi-Hopf algebras point of view) : 

Lemma 3.4. LetU q (g) as in remark 3.3. Let r,r' > 1. As algebra morphisms U q (g) — > (U q (g) 
U q {o) ®U q {o)){{u)), the two following maps are equal : 

(Id <gi A u r< ) O A u r = (A u r ® Id) O A„ r+r > . 

Proof: It suffices to check the equality on the generators. Because of u, the images of both 
applications are of the form 

^ u Kdcg( S(2) )+dcg( S(3) ))+r'dcg( ff(3) ) 5(i) g, ff(2) g, ff(3) 

where g(i), <7(2); <?(3) are homogeneous. We just give the results of the maps on generators and leave 
it to the reader to check it. For xf p , x~ p , (f>f± m , kh, respectively the two maps give : 

M (^> (1 ® 1 ®x" p ) + £ s>o ^+''^ 
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E {sl , S2 . S3 , 0|sl+S2+S3 _ } " ±((S2+S3)r+ -' ) (^ ±sl ® ® ^ 

□ 

3.2. The category Mod(Wg(g)). In this section we introduce and study the category Mod(U' q (g)) 
which is "a building graded part" of the quantum fusion tensor category. 

First let us give a u-deformation of the notion of Z-weight : 

Definition 3.5. An (l,u)-weight is a couple (A, vE'(u)) where A G t)* , ty(u) = (^f ±m (u)) ie i^ n > , 
< ± ,» G Ck^ 1 ] satisfying = g,f A(a ' V) . 

Definition 3.6. Let Mod(jU' q (g)) be the category of U' q (Q) -modules V such that there is a C-vector 
subspace W C V satisfying : 

i) V ~W® c C(u), 

ii) W is stable under the action ofU q (fy) and is an object of Mod(U q (t))), 

Hi) the image ofW<E)C[u ] in V by the morphism of i) is stable under the action ofU q (\)), 

iv) for all ui G t)*, all i G /, all r G Z, there are a finite number of <C-linear operators f kk , x : 
Wuj — > V ffc>0,fc'>0,Ae C*) such that for all m > and all v G W u : 

xf r±m (v)=Y X m u km m k ' /± Jv), 

v) we have a decomposition 

V = ©(A,*(«)) (/, U )-^^ A ^( U » 
w/jere ^ { a,*(u)) = {« e Vx|3p > 0,V* G J,m > 0, (0± ±m - <f ± ± „») p .« = 0}. 

We have a first result : 

Lemma 3.7. Let G Mod(W q (g)) . For all lu G t)* , a/Z i G /, there are a finite number of <C-linear 
operators g k k , A : W u — » V (X* > 0, fc' > 0, A G C* ) such that for all m > 1 and v G W w ." 

»(«) = y X m u km m k 'gt k , Av). 



i,r±m V 



Proof: Formula (5) gives for m > 1 : 

§i.-m = — 1i)( X to X i,-m ~ X i,-m X tfi) anC ^ = (?« — 9j ) ( x t,m x i,0 ~ X i,0 X t,m) 

and so property iv) of definition 3.6 gives the result. □ 

Now we give a typical example of an object of Mod(^(§)). For V a module in Mod(U q (g)), 
consider i{V) the ^(g)-module obtained by extension : i{V) = V ® C(it). 

Proposition 3.8. i defines an injective faithful functor i : Mod(U q (o)) — > Mod(U' q (Q)) . 
In particular Mod(U q (g)) can be viewed as a subcategory of Mod(Z^(fj)). 

Proof: Let us prove that the functor is well-defined. Consider V G Mod(W g (§)) and let us prove 
that i(V) G Mod(U' q (Q)) where we choose W = V for the C-vector space of definition 3.6. The 
properties are clear. The property v) is clear because the base field for V is C. Let 

us prove the property iv) : let i G I, u G f)* and let us consider the operators xf r , r G Z (the 
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proof for the x ir is analog). As W is intcgrable, there is a finite dimensional i/j-submodulc W 1 
such that W\ C W C W. Consider p : Ui — > End(W // ) the action. Consider the linear map 
$ : End(W") -> End(W') defined by $(p) = - PP(/*i,i))- As End(W) is finite 

dimensional, we can consider the Jordan decomposition $ = $1 + $2 where $1 o $ 2 = $2 3>i, 
$1 is diagonalizable and 5>f = f° r some 5 > 1. ft follows from formula (8) that for m > 0, 

P( X t,r+ m ) = and S0 



^Aec^s=o,--- ,s 



\ m - s m)(d x ) 



where p(x^ r ) = J^AeC^ ano - f° r A G C, <3?i((iA) = ^d\. In particular we get property if) of 

m 

definition 3.6 because for a fixed s > 0, is a polynomial in to. For m < 0, we replace $ by 
$'(p) = p^.j {p(hi-i)p — pp{hi-i)). So i is well-defined. It is clearly injective and faithful. □ 

3.3. Construction of the tensor structure. The aim of this section is to define a tensor cate- 
gory Mod by using A u and Mod(U q (g)). It is the main tool used in this paper; the stability inside 
the field C(u) is one of the crucial points that make the category Mod useful for the purposes of 
the present paper. 

3.3.1. The category Mod. Let Mod be the full abelian semi-simple subcategory of Mod(W q (o))- 
modulcs with a unique simple object i(Lo) (we recall that Lq = L(0,\E') where \& is defined with 
Drinfeld polynomials equal to 1). 

Definition 3.9. We denote by Mod the direct sum of categories 

Mod = Mod 8 (Mod(U' q (s)) ® Mod{U' q {Q)) ©•••)• 
For r > 1, the r-th summand in the second sum is denoted by Modf : Mod = @ r>Q Mod~ . 

Note that with the identification Mod(Z^(g)) ~ Mod 1 , we can also consider that i is an injective 
faithful functor Mod(W g (§)) — > Mod. So one can view Mod(W g (§)) as a subcategory of Mod. 

3.3.2. Rationality property. We use the notations of remark 3.3. Fix r > 1. Let Vi,V 2 G 
Mod(Wg(g)). One defines an action of U q (g) on (V\ <E>c(«) ^2)(( w )) by the following formula 
(geU' q (g), v x G V 1 ,v 2 G V 2 ) : 

(14) g-(vi®V 2 ) = A u r(g)(v 1 ®v 2 ). 

(A priori this formula only makes sense for r > 1, but we will see bellow that in some particular 
situations we can also use it for r = 0). 

We have the following "rationality property" of the action given by formula (14), which is the 
crucial point for the construction of the tensor structure. 

Lemma 3.10. The subspace {V\ ®c(u) V2) C (Vi ®c(u) ^2)(( u )) * s stable under the action ofW q (g) 
defined by formula (14)- The induced U' q (g) -module structure on {V\ <&c(u) V2) * s an object of 
Mod(U' q (0)). 

Proof: From definition 3.6 we have subspaces Wi C Vi, W 2 C V 2 . We choose W = W\ ®c W 2 C 
(Vi ®c(m) Vz) and we prove that the properties of definition 3.6 are satisfied, properties i), ii) are 
clear. Properties iii), v) follow directly from above formulas (12), (13). Let us prove property iv). 
Let A, G t)*,p G Z and suppose that for to > 0,«i G (Wi)\, xf <p±m {vi) = u mkl -±X£±m k ' 1 -±tf(vi), 
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for m > 0,v 2 G (W 2 ) M , xf p±m (v 2 ) = u mk2 < ± X 2 n ;± m k ' 2 ^ f 2 (v 2 ). It follows from lemma 3.7, that we 
can suppose that for t > 1, <f>^_ t {v\) = u kat \\t k z fz{v) . Let v\ G (Wi)\, v 2 6 {W 2 )^ and v = v\®v 2 . 
Formulas (10) and (14) give xf p+m (v) = A + B where 

= u mkl '+XT t+ m k '^+ f+(vi) ®v 2 + u r ^ +m \; Ka ^ ) v l <g> u mk2 -+X 2 n + m k '^+f+{v 2 ) 1 



and 



B = Y. t> / iP+m+t) ^l-tM®< P+m+t {v2)) 

u r ^ +m \ mk ^m k '^- s n s {u)h{vx) ® f+(v 2 ), 



= V 



K 2,+ 



whcrc 



U s {u) = ^ t> u rt u k3t X\u th2 ' + \ 2 , + t s+k 'K 

As Tl s {u) G C(u), 

x ~i,p+m(. v ) ms-kcs sense in V\ ®c(u) ^2- Moreover 7Z s (u) docs not depend of to, 
and so it follows from the above formulas for A and B that property iv) of definition 3.6 is satisfied 
(the study is analog for x~ ). So the ^(g)-module Vi ®c(«) V2 is an object of Mod(W'(g)). □ 

3.3.3. Definition of the tensor structure. We use the notations of remark 3.3. First let us study 
how formula (14) behaves with the representation i(L ). 

Lemma 3.11. Let r > 1 and V G Mod r . Then formula (14) defines a structure of U q (g) -module 
on V <E>c(u) i(Lo) (resp. on i(Lo) ®c(u) V) which is isomorphic to V . 

Proof: For i G /, s G Z we have xf s .i(L ) = {0} and for i G /, s > we have (f)f ±! ,.i{L n ) = {0}. 
For i e I, the action of <j)f on i(Lo) is the identity. So for V ®c(«) *(^o) ; the action given by 
formula (14) is <? <g> 1 which makes sense for g G Wg(§) (direct computation on generators). For 
i(Lo) ®c(u) ^ the action given by formula (14) is 1 £g> <? which makes sense for g G U q ($). □ 

Fix r, r' > 0. Let Vi G Mod r and V 2 G Mod r '. If r,r' > 1, one defines an action of U q (g) 
on Vi <8c(«) V2 by formula (14). From lemma 3.10 we get an object in Mod(W'(g)) (this can be 
extended to the cases r — or r' — by lemma 3.11). We consider this tensor product as an object 
in the (r + r')-th summand of Mod. So we have defined a bifunctor (g)/ : Mod x Mod — > Mod. 

Theorem 3.12. The bifunctor ®/ defines a tensor structure on Mod. 

The category Mod together with the tensor product ®/ is called quantum fusion tensor category 
(see [Ma] for the definition and complements on tensor categories). The aim of this section is 
to prove this theorem. We warn that objects of the category Mod are not necessarily of finite 
length. Sometimes it is required that the objects of a tensor category have a finite composition 
series (for example see [CE]), so Mod is not a tensor category in this sense. However, we will 
prove in section 5 that for a large class of quantum affinizations (including quantum affinc algebras 
and most quantum toroidal algebras) the subcategory of finite length modules is stable under the 
monoidal bifunctor <g>/, and so we get a tensor category in this sense. 

Proof of theorem 3.12. We already have proved the well-dcfincdncss in lemma 3.10. We have to 
show the associativity and existence of a neutral clement. This will be formulated in the following 
two lemmas. 
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Lemma 3.13. ®/ is associative. 

Proof: Let n,r 2 ,r s > 1, F x £ Mod r \ V 2 £ Mod r2 ,F 3 £ Mod r3 . Let us prove that the identity 
defines an isomorphism between the modules V\®j (V^ ®/ V3) and (V\ <g> / V2 ) £5 / V3 as objects of 
Mod ri+r2+ ' 3 . The action of g £ W q (Q) is given in the first case by : (Id <g) A u t 2 ) o A„n and in the 
second case by : (A u ri ® Id) o A uri + r2 . But it follows from lemma 3.4 that these maps are equal. 
If one ri is equal to 0, V\ 8/ (V2 <E>/ V3) ~ (Vi (g>/ V2) <8>/ V3 is a direct consequence of lemma 3.11. 

The pentagon axiom is clearly satisfied as for the usual tensor category of vector spaces. □ 
Lemma 3.14. i(Lo) object of Mod is a neutral object of (Mod, CS> /) . 

Proof: It is a direct consequence of lemma 3.11 (the triangle axiom is clearly satisfied as for the 
usual tensor category of vector spaces). □ 

3.3.4. Application to (l,u)-highest weight simple modules of the category Mod(W q (g)). We use the 
notations of remark 3.3. As an application of lemma 3.10 we prove a "deformed version" of the 
"if part of theorem 2.9. 

Definition 3.15. An (l,u)-weight (A, ^(u)) is said to be dominant if for i £ / there exists a 
polynomial Pi. u (z) = (1 — zai t \u biA )...(1 — zcii^u i,N *) (Ni > 0, aijj £ C*, bij > 0) such that in 
C^ 1 ]^]] (resp. mC^'Klz'- 1 ]]]: 

The notion of (/, u)-highest weight ^(g)-module is defined analogously to the notion of /-highest 
weight W g (g)-module. By theorem 2.3 we get the existence of the simple module L(X,^(u)) of 
dominant (I, w)-highest weight (A, ^(w)). 

Corollary 3.16. For (A, Vf'(u)) a dominant (I, u)-highest weight, we have L(A, ^(u)) £ Mod(U' q (g)) . 

Proof: We see as in [H3, Lemma 32] that L(A, vE'(u)) is the quotient of a tensor product in Mod 
of (fundamental) simple modules of Mod(U q (g)). So the result follows from lemma 3.10. □ 

Note that this result in finer than [H3, Lemma 32] on the representation L(X, $(u)). The converse 
of this result is false (for example by using an evaluation morphism U q (sl2) —* U q (sl2) ® C(it), 
one can define a 2-dimensional (/, it)-highest weight module with (/,u)-weight given by P u (z) = 
(1 — z(u + u^ 1 )) in the formula of definition 3.15). 

3.4. Example : fusion of Kirillov-Reshetikhin modules of type s^- The U q (sl2) Kirillov- 
Reshetikhin modules can be described explicitly because they can be realized as evaluation rep- 
resentations from simple finite dimensional representations of the quantum group of finite type 
U q (sl2). Let r > and a £ C*. The Kirillov-Reshetikhin module W r (a) is the ^(s^-module of 
dimension (r + 1) with a basis {vo, ■-, V r } and the action of the generators x^,x~ (r £ Z), <f>% m 
(m > 1), k given by : 

x'.Vj = (aq r - 2: >) r {j + l} q v j+1 , 
4>% m .Vi = ±(q - q-'W-^a^iq^r-Mj + % - Q ±m \j]gl r ~~ 3 + 
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where < j < r and we denote V—% = v r +i = 0. In particular we have as a power series in z (resp. 
in : 

A ±, s r _ 27 (1 - zaq- r )a ~ zaq r + 2 ) 

Consider W r (a), W r '(b) two Kirillov-Reshetikhin modules with respective basis {vo, ...,v r }, 

{v' , ...,v' r ,}. One can describe explicitly the fusion module i(W r (a)) <g>/ i(W r /(6)). It has a C(u)- 

basis {uj ® v' k \0 < j < r, < k < r'}, and the action of U' q (sl 2 ) is given by 

(15) x+.(vj ® t/fc) = (ag r - 2j+2 ) m ^ fc (^-i ® w£) + W'- 2 ^ 2 )™^,^ ® uj^), 

(16) x-.( Vj ® = (u6 g r '- 2fe ) m 7j -, fe (^ ® + (ag r - 2j ') m M J -,fe(^+i ® «*), 
(17) 

*w ) _ a r-2 jr '-2k (1 ~ ^g~ r )(l - zag'-+ 2 )(l - z^^'Hl - z^'+ 2 ) 
where aj <k = [r — j + l] g , 7j,fc = [k + l] q , and f3j <k is equal to 

q[r - j] q \j + i\g q^lMr-j + i] 

1 - Ma- 1 6g r '- 2fe+2 - , '+ 2 J 1 - ua- 1 bq r '- 2k - r +^ 
and /^j.fc is equal to 

U + il fq r, - 2fc + (g- g- 1 )ua- 1 ba r ' - 2k+1 - r+2 H q ~^ r ' - ^ + ^ #],[r-fc + l], 

Note that (Xj tk , Pj,k,lj,k, fJ<j,k are independent of m. 

(Observe that on this example the action is rational, as proved in lemma 3.10). 

Remark 3.17. For the usual tensor product of quantum affine algebras, certain tensor products 
of I -highest weight modules are l-highest weight (see [Cha, Theorem 4] and [Kas2, Theorem 9.1],) 
but not all. For example for U q {sl 2 ), L a ® L aq 2 is l-highest weight but L aq 2 ® L a is not l-highest 
weight (where the L\, are the fundamental representations defined in section 2.4)- 

In contrast to this well-known situation, in the following examples the fusion modules arc always 
of /-highest weight (we will see in theorem 6.2 that this observation is a particular case of a more 
general picture for the quantum fusion tensor category). 

Proposition 3.18. The fusion module V = i(W r {a))®f i(W r '(b)) is a simple (l,u)-highest weight 
module. 

Proof: First let us prove that V is of (I, u)-highest weight. Let W be the sub ^(g)-module of V 
generated by Vq®v' . It suffices to prove by induction on K > that ((j+k = K) => (vj ®v' k £ W)). 
For K = it is clear. Let K > 1 and j, k > satisfying j + k = K — 1. By definition, Jj k , k are 
not equal to zero. As ubq r ~ 2fc ^ aq r ~ 2: > , equation (16) implies that Vj + i ®v k and Vj ®v' k+1 are in 

£ reZ C(«)x-.(t;j ® V' k ) C W. SO J2{(a, b )\a+b=K} C(t>„ ® <) C W. 

Let us prove that V is simple. Suppose that V' is a proper submodule of V. Suppose that the 
eigenvalues given in equation (17) for Vj 1 ® v' k and vj 2 ® v' k2 are equal. Then we have 

(1 - zaq r - 2 ^ +2 ){l - zaq r - 2jl ) = (1 - zaq r - 2j2+2 )(l - zaq r ~ 2 ^) 

and 

(1 - zubq r '- 2kl+2 ){l - zubq r - 2kl ) = (1 - zubq r ' - 2k * +2 ){\ - zubq r ~ 2k *). 
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So ji = j2 and k\ = ki as the conditions ag r_2jl = aq r ~ 2 3 2+2 and ag r_2jI+2 = aq r ~ 2: > 2 (resp. 
aq r ~ 2kl = aq r ~ 2k2+2 and aq r ~ 2kl+2 = aq r ~ 2k2 ) can not be simultaneously satisfied. So the op- 
erators <\>% m have a diagonalizable action on V with common Z-weight spaces of dimension 1. As 
V' is stable under the action of the <fi± m , it is of the form V' = ®y fe \ e jC(u)(vj ® «£,) where 
J C {0, x {0, ...,r'}. Consider ® ujj. S V such that j + fc is minimal for this property. If 
V ^ V, we have j + k > and V fl (0/( s t)i g +t<j+fc} C(u)(v s ® wQ) = {0}. But from equation 
(15), we have x + (2:).(i;j (g> ul) ^ 0, contradiction. □ 

The results of this section will be used in more detail in section 6. 

4. .A-FORMS AND SPECIALIZATIONS 

The aim of this section is to explain how to go back from Mod to the usual category Mod(U q (g)). 
Consider the ring A = {j&\f(u),g(u) 6 C[u ± ],g(l) ^ 0} C C(u). We prove the existence of 
certain ,4-forms (definition 4.1) and we study their specialization at u — 1. The idea of considering 
A- form is inspired from crystal basis theory (see [Kasl, LI]), but instead of using q as a deformation 
parameter in the ring A, we use the deformation parameter u of the Drinfeld coproduct. We prove 
that one can define ,4-forms of cyclic modules of the category Mod(£^(g)) (theorem 4.6). It gives 
rise to the following two constructions : one can construct a fusion Z-highest weight module from 
two Z-highest weight modules (definition 4.10), and in the case of quantum affine algebras one can 
define a fusion bifunctor for the category of finite dimensional representations (theorem 4.13). 

4.1. .4-forms. In this section we recall standard definitions and properties of ,4-forms which are 
some .4-" lattice" of C(u)-vector spaces. We also study explicit examples. 

A is a local principal ring. Let^(g) =W,(j)McW^(g). The algebras^' + (0),W^ _ (g),^ 1 (^) C 
Uqid) are defined in an obvious way. 

4.1.1. Definition and first properties. 

Definition 4.1. Let V G Mod(U' q (g)) . An A-form V of V is a sub A-module of V satisfying : 

i) V is stable under IA^{q), 

ii) V generates the C(u) -vector space V , 

Hi) for A £ l) f , V C\V\ is a finitely generated A-module. 

Note that as A is principal and V is torsion free, the property iii) implies that V D V\ is free. In 
particular it makes sense to consider the rank and basis of V R V\. 

This notion of ^4-form is analog to the lattice L considered in crystal theory [Kasl, LI]. The 
properties discussed in this subsection are standard (see [L2, Kas3] for general results on ,4-forms). 
We give proofs for the convenience of the reader. 

Lemma 4.2. Let V <G Mod(U' q (o)) and V be an A-form ofV. Then 

1) V ~ V ®a C(u) as W q (o) -modules, 

2) for all A £ f)*, we have rkj[(V fl V\) = dimc( u )(V\), 

3) for all v G V , there is a unique n(v) G Z such that (1 — u)"Wi) G V and (1 - u)™^)- 1 !; (f. V, 

4) letW CV be a U^{o)-submodule of V. Then W n V is an A-form of W . 
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Proof: 1) and 2) : for all A £ f)* , a basis oiVP\V\ as an A- module is also a basis of the C(w)-vector 
space V\. 

3) It suffices to consider the case v £ V\. Let us write it v\ = 2fc=i ■■■ Kf i ( u ) Wi wnere 
{wi}i=i,... ,k is an ,4-basis of V\ fl Then is the unique n(v) £ Z satisfying : Vi £ {1, K}, 
(1 - u) n ^fi(u) £ .4 and there exists i £ {1, K} such that (1 - u)™^)" 1 ^(u) ^ A 

4) Denote W = W P\ V, and let us check the properties of definition 4.1 : i) is clear. For ii), 
let u £ There is P £ C^] - {0} such that v' = Pv £ V. So v' £ W and 11/ generates the 
C(w)-vector space W . For the property Hi), we have W fl Wa = VAnT / FnV r CV r nV r Aisa finitely 
generated ,4-modulc. □ 

We have directly from definition 4.1 : 

Lemma 4.3. Let V £ Mod(U' q (g)) and V £ V (resp. V' C V) be an A-form ofU' q (g).V (resp. of 
U' q {g).V'). Then V + V' is an A-form ofU' q (g).(V + V>). 

4.1.2. Specialization. One can consider the specialization of an .A-form at u = 1 : 

Definition 4.4. Let V £ Mod(U' q (g)) and V an A-form of V. Then we denote by (V) u —i the 
U q {g)-module V/((u-l)V). 

Lemma 4.5. We have (V) u =i £ Mod(U q {g)). 

Proof: It follows from lemma 4.2 that 

dimc(((^) u=1 ) A ) = ik A (V n V x ) = dim c{u) (V x ). 

So (V) u= i £ Mod(U q {g)). □ 

In general the specialization at it = 1 of two A- forms of an U' q (g)-module are not necessarily 
isomorphic, as illustrated in the following examples. 

4.1.3. Examples. Let L\ = L\.\ = Cvq © Ci'i and L2 = L\ q i = Cwo © Cwi be two U q (sl<i)- 
fundamental representations. The fusion modules V = i{L\) (g>/ i(L 2 ) and V = i(L 2 ) ®/ i{L\) 
can be described explicitly (see section 3.4; they have also been studied in [H3, section 6.6] with a 
different formalism). Consider the (C(u)-basis of V (resp. of V): fo = vo ® wq, f\ = v\ ® wq, f 2 = 
Vo®Wi,fz = vi <E> wi (resp. f' = ivq <E> vq, f[ = W\ <g) vq, f 2 = wo <E> «i , = w\ ® V\). The action 
of U' q {sl2) on V is given by : 





fo 


fl 


h 


h 







fo 


„2r- 1..7- l-<? 4 u r 
1 1-uqiJO 


/2+9 1+2 ^t^/i 




u q h + ? 1=^/1 


U r q 2r h 


„-l 1-(? 4 M f 

q i_<,2„/3 







„2 (l-q-' A z){l-uz) f 


(l-q'z)(l-uz) , 


(l-q-' 2 z)(l-q A uz) , 


2(l-9^)(l-« 4 '^) f 


q (l-z)(l-q 2 uz) J° 


(l-z)(l-q^uz)J 1 


{l-z)(l~q' 2 uz) J 2 


^ (l-z)(l-q' 2 uz) -I 3 



The action oiU' q {sl2) on V is given by : 









/ 2 









9 2r /o 


9 W l~uq- 2 J0 


q 2r .K + qu rl T^f[ 








„2r-l l—« -p/ 
9 i-a-^u/3 







„2 (l-2)(l- 9 a tiz) ^/ 


(l-^Hl-^uz) f, 


(l-zjfl-^uz) f , 


„-2 (l-g*z)(l-g :i «z) f / 


y (l-g a z)(l-ttz) JO 


(l-g 2 z)(l-«z) Jl 


(l-g ;! z)(l-t l z)-'2 


1 (l~q i z)(l~uz) J3 



It follows from proposition 3.18 that V and V are simple (Z, u)-highest weight modules. 
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In particular 

V = Z£(fl)./o = A/o © 4(1 - u)./i © A/2 © A/3, 
- W, u (fl)./£ - A/£ © A/1 © A.& © A/3, 

are respectively Aforms of V and V . We use the same notations for the vectors in V and in 
(V) u =i (resp. in V' and in (F') u =i). The W g (s/2)-modules (V) u =i and (V"') u= i are /-highest 
weight modules, but not simple : C.(l — u)fi (resp. C./2) is a W g (sZ2)-submodule of {V) u= \ (resp. 
of (V') u =x) of dimension 1. 

Note that we have an isomorphism of W g (sZ2)-modules a : (V) u =i — > (V') u =i defined by cr(/o) = /o, 
a((l - u)h) = (cr 1 - q)f>, a{f 2 ) = (q + g" 1 )/^ a(f 3 ) = & 

Consider the following respective Aforms of V and V : 

V* ' = E mo Ktf&f* = 4/b ® Ah © 4/ 2 © Ah 2 V", 

We use the same notation for the vectors in Vf and in (V/)«=i. (V/) u= i is not an /-highest weight 
module, is cyclic generated by /1 and has a submodule of dimension 3, namely C/o © C/2 © C/3. 
So (V/) u= i and (V) u =i are not isomorphic. 

4.2. Aform of cyclic modules. In this section we study Aforms of cyclic modules which will 
be used later (in particular wc will study the interesting properties of their specializations in other 
sections). The main result of this section is : 

Theorem 4.6. Let V 6 Mod{U' q (g)) and v £ V - {0}. Then V{v) = U%{q).v is an A-form of 
lA' q (o).v. Moreover {V{v)) u= \ £ Mod(U q (g)) is a non zero cyclic hi q {o) -module generated by v. 

This theorem is proved in this section. We can suppose that V is a non zero cyclic ZY^(g)-modulc 
generated by v. 

Lemma 4.7. Let V £ Mod(U' q (g)) and F C V be a finitely generated A- submodule of V . Then 
A.U q (t)).F is a finitely generated A-module. 

Proof: Let W C V as in definition 3.6 and write F = J2j=i m A-fj where fj £ V. For each 
j £ {l,...,m}, we can write a finite sum fj = J2k^j,kfj,k where fj t k £ W\ } h {\j,k £ f)*) an d 
£ C(u). But A.U q {\))f jik £ A.W Xjik , and soU q (t)).F £ V , , >l< All A . is a finitely generated 
Amodulc. □ 

Let us study the case of (I, w)-highest weight modules, which is a first step in the proof of theorem 
4.6 : 

Lemma 4.8. Let V be an (l,u)-highest weight module in the category Mod(U q {o)) and let v be an 
highest weight vector. Then V = lA q {o).v is an A-form of V . 

Proof: Properties i), ii) of definition 4.1 are clear. Let us prove property iii) : let A be the weight of 
v. For [i a weight of V, we have fi £ A— Q + . Let us prove the result by induction on h'(^i) = h(X—fi). 
For h'{n) = it is clear, and in general let us prove that A; + i = S-f^ivOiWi+n n 1S a nn hely 
generated Amodule. But we have A ;+i = ^u e i tme z,^\h'(iJ,)=l} x 7,m-(^ n V"). It follows from 
formula (8) that for i £ I.m ^ 0, we have x^ m = -0^-{hi, m x~ o — x~ hi, m ). Moreover we have 
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Uq(i>)-(V^nV) = V fl DV. In particular A ;+i C T,{iei,»\h>(i*)=l} U Q$)- x i,o( V » n V">- Wc can conclude 
with lemma 4.7. □ 

Note that the rationality in u was a crucial point of this proof. 

(Note that in [H3] we considered C[m ± ]W 9 (§).w for a simple (/, u)-highest weight module L and 
called it a C[u ± ]-form of L. As U q (g).v = ^l.C[u ± ]t/ g (g).w, it is a particular case of the point of 
view of this paper.) 

Proof of theorem 4-6 : 

Let us prove that we get an A- form : properties i), ii) of definition 4.1 are clear. Let us check 
property iii). First consider 

d(v) = Max{/i(wt(V) - wt(v))\v' £ V and wt(v') - wt(u) £ Q + }. 

Let us prove by induction on d(v) > 0, that for all A £ f)*, U q (o).v D (U q (Q).v)\ is a finitely 
generated „4-module. For d(v) = 0, the result is proved as in lemma 4.8. In general : the 
triangular decomposition of U'Aq) (theorem 2.3) gives U q {o).v = A + B where A = U q ~ (Q)Ug(t)).v 

and B = Ei£i, m& zK(&)- x t m - v - Moreover for A E f)*, («?($).«) n V x = A n V x + B D V x . We 
see as in the proof of lemma 4.8 that A n V\ is a finitely generated .4-modulc. It follows from 
formula (8) that for i £ I,m ^ 0, wc have x\ m = [ 2 "'] (^i,m x to ~ x ifihi,m)- ^ n particular 
B C J2iei^q(3)- x to-^q(^)- v - ^ follows from lemma 4.7 that U q (t)).v is a finitely generated A- 
module. For i £ I, and v' £ xf .lA q {J}).v, we have d(v') < d(v), and so it follows from the induction 
hypothesis that for all A £ f)*, Uq(o).v' H V\ = U q {Q).v' n (U q (g).v')\ is a finitely generated A- 
module, and so B n V\ is a finitely generated .4-module. 

Let us prove that the image of v in (V(v)) u= i generates (V(v)) u= i : first we have v ^ (1 — u)V"(w). 
Indeed if there is an r < such that (1 — u) r v £ V(v), then for all I > 1, (1 — u) /r u € V^f) and 
so if v £ J2\e\^( v ) ^ ^ A finite), there is A € A such that V(v) (~l Va is not a finitely generated 
yl-modulc, contradiction. In particular (V(v)) u= i ^ {0}. Next let w £ V(v) — ((1 — u)V(v)) and 
G{u) £ Uq{o) such that w = G(u).v. Then in (V(v)) u= i, we have w — G(l).v (where G(l) is the 
image of G(u) by the projection Ug(g) — ► U q (g)). □ 



4.3. Fusion of ^-highest weight U q (g)-modules. In this section we explain how to construct 
fusion of Z-highest weight U q (g)-modu\es by using the quantum fusion tensor category. We use the 
notations of remark 3.3. 

Wc get the following first application of theorem 4.6 : 

Corollary 4.9. Let r > 1 and Vi, •• ■ ,V r be l-highest weight modules in the category Mod(l4 q (g)) . 
Consider the fusion module W = i(Vi) / • • - ®fi(V r ) £ Mod(U' q (g)) . Let v\ £ Vi, ■ ■ ■ , v r £ 

V r be highest weight vectors and (P 4 (P[)i^j the respective Drinfeld polynomials. Then 

1) The U q {Q)-module (W(v)) u= i £ Mod{U q {o)) is an l-highest weight module of l-highest weight 
vector v = v\ ® ■ ■ ■ ® v r . 

2) The Drinfeld polynomials of the l-highest weight of (W(v)) u —i are (P i (z)P i (z) • • ■ P[(z))i^i. 

Proof: 1) It follows from theorem 4.6 that (W(v)) u= i is cyclic generated by v. Moreover t>i, • • ■ ,v r 
are ^-highest weight vectors, and so formulas (10), (12), (13) give that v is an ^-highest weight vector. 

2) Clear from equations (12) and (13). □ 
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Definition 4.10. The module {W(v)) u —i is denoted by Vi */ V 2 *f ■ ■ ■ *y V r and is called the fusion 
module of V\ , V 2 , ■ ■ ■ ,V r . 

Examples : in section 4.1.3, for the Z// ? (sZ2)-^-highest weight modules L\, L 2 we computed explicitly 
Li *f L 2 = (V) u= i and L 2 *f L 1 = (V') u= i and we defined an isomorphism a : L\ *f L 2 — L 2 *f L\. 
Moreover we noticed that L\ *f L 2 is not semi-simple. 

Other examples and applications will be studied in the section 6. 

4.4. Fusion of finite dimensional representations. We use the notations of remark 3.3. In 
this subsection we study another application of the quantum fusion tensor category : it allows to 
define a bifunctor on the category of finite dimensional representations of U q (o). This bifunctor 
will not be used in the rest of this paper, we hope to study it in more details in another paper. 

We recall that i is a functor from Mod(iY 9 (g)) to Mod(£^(g)) (see proposition 3.8). 
Corollary 4.11. Let Vi,V 2 be two finite dimensional representations oflA q (o). Then 

W^»cV 2 )ci(7i)«»(7 2 ) 

is an A-form of i{V\) ® i(V 2 ). 

Proof: Let {w Q }i< Q <p, {wf3\i<f}<p' be C-basis respectively of V\ and V 2 . We have 

(18) U q i ( ).(V 1 ® c V 2 ) = V ,(UZtiHv a ®wp)) C (Vi ® c F 2 ) ® c C(u). 

From theorem 4.6, each U q (g).(v a <E) wp) is an ,4-form of W q (g).(v a ® wp). As the sum in equation 
(18) is finite, we can conclude with lemma 4.3. □ 

Because of corollary 4.11, it makes sense to define : 
Definition 4.12. We denote by V\ ® d V 2 the U q (g)-module {U^{q).{Vi ® c V 2 )) u=1 . 

Examples : in section 4.1.3, for the U q {sl 2 ) ^-highest weight modules L\ and L 2 we computed 
explicitly L\ ®d L 2 = (V/)„ = i and L 2 <S>d Li = {Vj) u= \. Note that L\ ®& L 2 is not isomorphic to 
L 2 <3d Li, and that L\ ®d L 2 is not isomorphic to L\ *f L 2 . Note that in general if V\ and V 2 are 
semi-simple, V\ ®d V 2 is not necessarily semi-simple. 

Let Modf(Uq(g)) be the subcategory of finite dimensional representations in Mod(U q (g)). If U q (g) is 
a quantum affine algebra, the simple integrable ^-highest weight modules are objects of Mod(U q (gj) 
(see [CP3]). 

Theorem 4.13. ® d defines a bifunctor (g> d : Modf(U q (g)) x Modf(U q (g)) -> Modf(U q (g)). 

Proof: As i(Vi) <8>/ i(V 2 ) is a finite dimensional C(it)-vector space, V\ ®d V 2 is a finite dimensional 
C-vector space, and so necessarily is an object of Modf(t/ g (g)). Consider Vi,V 2 ,V{,V 2 objects of 
Modf(t/ g (g)) and /1 : V\ — » V{, f 2 : V 2 —> V 2 two morphisms of W g (g)-module. From theorem 
3.12 we have a morphism of Wg(g)-module /1 <S>/ f 2 : i{V\) <g>/ i(V 2 ) — > i(V{) ®/ i{V 2 )- As (/1 ®j 
f2)(U%.(V 1 ® c V 2 )) C U».<yl ®c Vi) and (/1 ®// a )((l - uJZ^.CVi ®C V2)) C (1 - ^".(V/ ® c Vfi, 
we get a morphism /1 ®d /2 : Vi ®d V 2 — > V"/ ®d V^'. □ 

For quantum affine algebras, it should be interesting to relate (E)d to the usual tensor category 
structure. 
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5. Finite length property and quantum fusion tensor category 



In this section we prove that for a large class of quantum affinizations (including quantum affine 
algebras and most quantum toroidal algebras) the subcategory of finite length modules is stable 
under the monoidal bifunctor eg)/ (theorem 5.27). In particular we get a tensor category in the 
sense of [CE] (where the finite length property is required). We construct and use for this purpose 
a generalization of the Frenkcl-Rcshctikhin morphism of g-charactcrs [FR] for the category Mod 
and prove that it is compatible with the monoidal structure (these results are valid for all quantum 
affinizations). In particular it gives a representation theoretical interpretation of the combinatorial 
fusion product defined in [H3] for the semi-simplified category (corollary 5.15). 

First let us recall the following consequence of theorem 2.9 : 

Corollary 5.1. The simple modules of the category Mod(U q (g)) are the simple l-highest weight 
modules L(\,^) where (A, "J) is a dominant l-weight. 

Proof: As a module in Mod(W 9 (g)) has at least one l-highest weight vector, the result is a direct 
consequence of theorem 2.9. □ 



5.1. Generalized q-characters and fusion product [H3]. The theory of g-characters was in- 
troduced in [FR] for quantum affine algebras. In this section we recall the general definition for 
quantum affinizations and the existence of a related combinatorial fusion product introduced in 
[H3]. 

First let us define the generalized g-characters. For W £ Mod(W ? (f))) and an Z-weight (A, <I>) we 
denote: 

W x ,<* = {ve W X \3 P > 0,V* e l,7n > 0, (0± ±m - ^ ± J p .v = 0}. 

As U q (t)) is commutative we have W = ^ i_ wcight W\^ for all W £ Mod(U q (t))). 

Definition 5.2. We denote by QP^ the set of l-weights (a*, 7) such that /i 6 P + — Q + , and 

there exists polynomials Qi(z), Ri(z) (i £ I) satisfying Ri(0) = Qi(0) = 1 and in C[[z\] (resp. in 
C[[z-'}}): 

v ±m _ deg{Qi)-deg{Ri)Qi{zqi )Rj(zqi) 



Qi{zqi)Ri(zql 



The following result was first proved in [FR, Proposition 1] for quantum affine algebras, and a 
straightforward generalization for general quantum affinizations was given in [H3, Proposition 5.4]. 

Proposition 5.3. For V £ Mod(U q (g)) and (A, an l-weight, (V (AjW ) ^ {0}) => ((A, *) £ QP t + ). 

Consider formal variables Yf^ (i £ I, a £ C*) and k u (lo £ ()). Let A be the commutative group of 
monomials of the form m = Yiiei nec , C ''* I "'^(m)i {ui >a {m) £ Z, u)(m) £ f)), satisfying 

1) only a finite number of Ui^ a {m) £ Z are non zero, 

2) for i £ I, a.i(u>(m)) = riJ2 ae c u iA m )- 

The product is given by the usual multiplication of Laurent polynomials in variables Y^ a and 
kh+h' = khkh' ■ This group A is fixed for the rest of this paper. 

For (/i, 7 ) £ QP+ we define Y^ = ^Y^ ~" a £ A where Qi{z) = ELscC 1 ~ za Y a 

and Ri{z) = Y\ aeC ,{^ — za) Ua are given by definition 5.2. 
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y is the set of \ £ Z" 4 such that there is a finite number of elements Ai, A s <E i)* satisfying for 
m £ A : 

(u)(m) i. I u(S(\j))) => the coefficient of m in \ is 0. 

Note that 3^ has a ring structure inherited from the group structure of A. 
Definition 5.4. The q-character of a module W £ Mod(U q (\))) is defined by 

= £ (A , 7)e0 p+ d ^>7)^,7 6 

The g-characters were introduced in [FR] for finite dimensional representations of quantum affine 
algebras and the generalized g-characters (with the term k\) for general quantum affinizations were 
constructed in [H3]. 

Let Rep(W g (g)) be the Grothendieck group of modules V in Mod(U q (g)) which have a composition 
series : 

(19) L = {0} C L\ C L 2 C ... such that I L, = V and Vi > L i+1 /Li is simple. 

Note that we will prove in section 5.3 that for a large class of quantum affinizations all modules in 
Mod(U q (g)) have such a composition series. 

Let us recall some results not used for the main results of this paper, but which are related to the 
point of view of this paper (in particular see section 5.2). The following result was first proved in 
[FR] for quantum affine algebras and then in [H3] for general quantum affinizations. 

Lemma 5.5. Xq gives an injective group morphism \q '■ R e p(Uq{o)) ~> 3^- 

For quantum affine algebras, the category Mod(U q (g)) has a tensor structure from the usual co- 
product. It is compatible with the morphism of ^-characters : 

Theorem 5.6. [FR] Suppose thatlA q {o) is a quantum affine algebra. Consider the ring structure 
on Rep(U q {o)) given by the usual coproduct. Then Xq is a ring morphism from Rep(U q (g)) to y. 

We proved in [H3] that for general quantum affinizations one can observe a " combinatorial" fusion 
phenomena in terms of g-characters. More precisely we have 

Theorem 5.7. [H3] For general quantum affinization lA q (o), the image of Xq * s a subring of y . 
The induced multiplication on Rep(lA q (g)) is a fusion product (the constant structure on simple 
representations are positive). 

This last result was stated in [H3] when the quantized Cartan matrix C(z) is invcrtiblc, but the 
last section of [H3] implies also this result and does not use the inverse of C(z). From theorem 5.7, 
it makes sense to define : 

Definition 5.8. The induced multiplication of theorem 5.7 on Rep(U q (o)) is denoted by * and is 
called combinatorial fusion product. 

This fusion product is called combinatorial because a priori it makes sense only in the semi- 
simplified category. However in the next section a relation between the combinatorial fusion prod- 
uct and the tensor structure of Mod is established. In particular it provides a representation 
theoretical interpretation of *. 
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5.2. Generalized morphism of g-characters for the quantum fusion tensor category. In 

this section we construct a morphism of g-characters for the quantum fusion tensor category Mod. 
We moreover prove that it is compatible with the monoidal structure (theorem 5.12). 

First let us give a u-deformed version of proposition 5.3. 

Lemma 5.9. Let V G Mod(U' q (g)) and W as in definition 3.6. Then 

W u=1 = (Ck^] g> W)/((l - u)C[u ± ] ® W) 

is an object of Mod(U q (\))) and for (A, 7) an l-weight, we have (Wu=i)(a, 7 ) 7^ {0} => (A, 7) G QP^ ■ 
Moreover, for (A, 7) G QP^ , the dimension of dim((W u= i)^x.-y)) * s independent of the choice of 
W. In particular Xq{W u =i) does not not depend of the choice of W . 

Proof: As W G Mod(U q (l))) we have W u= \ G Mod(W q (f))). It follows from property v) of definition 
3.6 that for (A, 7) an i-weight of W u —i there is an (I, u)-weight (A, j(u)) such that (A, 7(1)) = (A, 7) 
and V( Aj7 („)) 7^ {0}. Let v G (Vr\ tl f u )) — {0}) and consider (V(v)) u —i. It is an integrablc U q (g)- 
module generated by v (theorem 4.6). Moreover we have v G {{V(v )) u =i)(x.j) an d so it follows 
from proposition 5.3 that (A, 7) G QP^ '■ For the last point we have 

dim((W u= i) (A , 7) ) = V dim c(u) (V' (A („))). 

□ 

Because of lemma 5.9 it makes sense to define : 

Definition 5.10. We define the q-character of a module V G Mod(U'(g l )) by Xq{V) = Xq{W u= i) 
where W is as in definition 3.6 . 

Note that Xq can a l so De defined on Mod by summation. We use the same notation \ q for these 
morphisms of g-characters. We prove exactly as in lemma 5.9 : 

Lemma 5.11. Let V G Mod{U' q {Q)) and V be an A-form ofV. Then Xq {V) = Xq((V) u =i)- 
The g-characters morphism is compatible with the tensor structure : 

Theorem 5.12. We use the notations of remark 3.3. For Vi, V2 G Mod, we have Xq (Vi ®/ Vz) = 

Xq(Vl) X q(V 2 ). 

Proof: From definition 3.6 one has subspaces W\ C Vi, W2 C V2. We have seen in the proof 
of lemma 3.10 that we can choose W\ ® W 2 for the subspace of V\ ®j V 2 required in definition 
3.6. So Xq(V\ ®f V2) = Xg((Wi ® W 2 ) u= i). As a direct consequence of formulas (12), (13), 
X q {{Wi ® W 2 ) u =i) is equal to x g ((VF 1 )„ =1 )x 9 ((V^ 2 ) u= i). □ 

This result is analog to theorem 5.6 where the usual coproduct of quantum affinc algebras is used. 
Here we use the Drinfeld coproduct, that is why this statement is almost automatic. It gives an 
additional clue indicating that (g>/ is an interesting tensor structure. 

It follows directly from the definition of Xq that : 

Lemma 5.13. Let V, V G Mod(U' q (g)) such that V C V. Then Xq {V) = x q {V) + x q (V/V). 
Moreover : 

Lemma 5.14. The image of the q-characters morphisms for Mod and Mod{U q {o)) coincide, that 
is to say Xq(Mod) = x,(Mod(W,(fl))). 
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Proof: The inclusion x 9 (Mod(W g (fj))) C Xg(Mod) follows from the existence of the functor i which 
allows to sec Mod(W 9 (g)) as a subcategory of Mod 1 (see proposition 3.8). For the other inclusion 
Xg(Mod) C Xg(Mod(W 9 (g))) , we see as in the proof of lemma 5.9 that the g-characters of cyclic 
modules are in Xg(Mod(W g (g))) and then we can use lemma 5.13. □ 

As x<j(Mod(Wg(fl))) ~ Kep(U q (g)), the result of lemma 5.14 allows to consider a projection p : 
Mod — > Rep(U q (g)). It satisfies "x q = Xq °p" ■ Then theorem 5.12 implies : 

Corollary 5.15. We use the notations of remark 3.3. For Vi,V 2 € Mod, we have 

p(V 1 ® f V 2 )=p(V 1 )*p(V 2 ). 

In particular the quantum fusion tensor category Mod gives a representation theoretical interpre- 
tation of *. 

5.3. Further results on the category Mod(£Y g (g)). In this section we study the existence of 
composition series for the modules of Mod(U q (g)). We will also study the dominant monomials 
(corresponding to dominant Z-wcights) occurring in g-characters. This study is valid for a class of 
Cartan matrices that we describe now : in this section (and in section 5.4) we suppose that C is 
a generalized symmetrizable Cartan matrix satisfying the condition 

(20) m. 3 < -i) => in = -Cj,i = i)) 

where the rj define D = diag(ri, ...,r n ) such that B = DC is symmetric (they are fixed in section 
2.1). It includes quantum affine algebras and quantum toroidal algebras, except of type A^,A^ 

(I > 0). For p > 1, it also includes the rank 2 matrices of the form I ^ J or 

which will for example provide completely new types of T-system considered in section 6.2.3. 

First we have : 

Lemma 5.16. If C satisfies the property (20), then : 

1) Vi, j € I, n> -Cj ti , 

2) (i + j) => (n = 1 or C M = -1 or C M = 0), 

3) for i G I such that ri = 1, we have [(j ^ i and Cij =/= 0) (Cjj = —1)/, 

4) for i,j G I such that ri > 1, we have [(Cij < 0) => (Cj,j = — 1)/, 

5) for i £ I such that r.i > 1 and j £ I such that Ci_j < 0. we have [(Cj^ = —1 and = rj) or 
(Cj ti = ~n and rj = I)], 

6) C(z) is invertible. 

Note that 2) means that C is g-symmctrizable in the sense of [H2]. In particular all properties of 
g-symmetrizable Cartan matrices established in the last section of [H2] are also satisfied by C (but 
they are not used in the present paper). 

Proof: 1) If Cj.i > —1, the result is clear because > 1. For Cj.i < —1, as B = DC is symmetric, 
we have rj = —Ci_j = 1, and so —Cjj = Ti. 

2) If Ci.j {0, —1} we have Cjj < —1 and so Vi = 1. 

3) Direct consequence of 1). 

4) Direct consequence of 2). 
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5) From 4) we have r, = —Cj^Tj. If rj > 1 we have Cji = — 1 from 4), and so = rj. If rj = 1, 
we have Cjj = —r%. 

6) Proved in [H2, Lemma 6.9] : we have det(C(z)) G z R + z~ R + J2_ R<r<R %z r + where 

R = E ie in. □ 

Let us state the main result of this section. 
Theorem 5.17. Any module V in Mod(U q (o)) has a composition series (19). 

The composition series is not necessarily of finite length. Note that it implies that Rep(U q (g)) is the 
Grothendieck group of Mod(U q (g)), and so that Xq encodes all information from the semi-simplified 
category. In this section we prove this theorem 5.17. 

Let us define for monomials the analog of the notion of dominant Z-weight (see [FM]). 
Definition 5.18. An element of A is said to be dominant if the ■powers of the Yi^ a are positive. 

The following result was proved in [FR] for W 9 (s^), in [FM] for quantum affine algebras and in 
[H3] in general. It provides a simplification in the study of g-characters because we only have to 
look at very particular monomials. 

Theorem 5.19. [FR, FM, H3] An element of Im(xq) is uniquely determined by the multiplicity 
of his dominant monomials. 

Let to G A — {1}. to is said to be right-negative if for all a G C*, j G /, \{v,j a „L (m) ^ 0) => 
( u j.aq L ( m ) < 0)] where L = max{i G Z\3i G I,u iaq L(m) ^ 0} (see [FM]). A product of right- 
negative monomials is right-negative [FM]. 

Example : for all i G /, a G C* consider 

A~l = k -r ^ Y' 1 _! Yr\ TT Yj aqk G A. 

r * Q . i,a 9i »,«9.11{(j ifc )| Cjii <_i and ke{C J , 1 + l,C J , z +3,...~C J , z -l}} J ' aq 

It follows from property 1) of lemma 5.16 that Aj a is right-negative. 

Let us define for a monomial to a set S(m) analog to the set 5(A) (sec [HI] for similar definitions). 

Definition 5.20. For to G A, let S(m) be the set of monomials to' G A such that there are 
(to = to), mi, mjv-i, (tojv = to') G A satisfying : 

1) for all j G {1, • • ■ ,N}, there is i E I such that to,- = mj_iA~l ■ ■ ■ A~^ where rj > 
and Oi, ■ • • , a rj G C* . 

2) for 1 < r < rj, Ui, ar (TOj_i) > \{r' G {1, ■ • ■ , rj}|<V = a r }\ where i, rj are as in condition 1). 

For all to' G S(m), m'm -1 is a product of (it is denoted by to' < to). Moreover to' € S{m) 
implies S(m') C S(m). 

It is well-known that the weights of a W g (g)-highest module of highest weight A are in 5(A). Let 
us prove the following analog refined cone property (see [FR, FM, N4] for previous results). 

Theorem 5.21. Let V G Mod(U q {o)) be an l-highest weight module of highest monomial to. Then 
all monomials ml occurring in XqiY) are m 5 (to) and in particular m! < TO. 

Proof: A weaker statement was proved in [H4, Theorem 3.1] : for V G Mod(U q (g)) a simple l- 
highest weight module of highest monomial to, all monomials to' occurring in Xq(V) satisfy to' < to. 
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The proof was based on [H4, Lemma 3.2] and used the U q (sl2)-Weyl modules. These modules are 
explicitly known and satisfy the property of theorem 5.21 (in the strong form). So to prove the 
result it suffices to rewrite word by word the proof of [H4, Theorem 3.1] where "simple-modules" 
is replaced by "Z-highest weight modules" and mj < TO2 by m\ £ <S(m 2 ). □ 

In the following we denote q N = {q m \m £ N} and q z = {q m \m £ Z}. 

Remark 5.22. For all m £ A, one can consider (ai, • • • , a r ) £ (C*) r satisfying 

1) fori£l,b£<C*, {ui, b {m)^0)^(bea iq N U---Ua r q N ), 

2) ai, • • • ,a r belong to different classes ofC*/q z . 

Lemma 5.23. Let m £ A. Let (a\, ■ ■ ■ , a r ) as in remark 5.22 and N £ Z. Then the set 
iSjv(m) = {mf £ S(m)| Vfc £ {1, • • • , r}, s > 0, i £ I, u iakq N+ s (mm" 1 ) = 0} 

is finite. 

The idea of the following proof is that for m! such that there is N satisfying m! £ <Sjv(m), the 
minimal N with this property increases when we multiply m! by some monomials A~^. We use a 
double induction on iV and a(m) defined below. 

Proof: First note that if m' £ (S(m) — 5at(to)), then S(m') C {S(m) — iSjv(m-)). Let us prove 
by induction on N that Sn(iti) is finite. By definition of <S(m), for all N < 0, 57v(m) = 

{m}. Consider N > 0. Let M = ]\ ieI 1<k < r Y ^ak k««,a KA«)- First for mM ~ X we can 
use (aiq, ■ ■ ■ ,a r q) instead of the (ai,-- - ,a r ) of remark 5.22. With this set of complex num- 
bers, iSAr(mM -1 ) becomes 5at_i(toM~ 1 ) which is is finite by the induction hypothesis. Let 
a ( m ) = J2{(i.k)£ix2.\i<k<r, Ui a fc (m)>o} Ui ^fc( TO ) — °- N 1S nxe ^ and we P rove by induction on 
a(m) > that 5at(to) is finite. For a(m) = 0, we have 5at(to) = MS^{mM ) which is finite by 
above discussion. Suppose that a(m) > 0. For ml £ MSN{mAI^ 1 ) consider 

T N (m') = {m" £ (S N (m') - {m'})\m" (m')- 1 & {A^n } ie /,l<fc<r}. 

By definition T/v(m') is finite. For m" £ T(m'), we have a(m") < a(m). So by the induction 
hypothesis on a, if m" £ 7jv(to') then SN(m") is finite. But we have 

S N (m) ^(MSNimM- 1 )) uM m «S w (m"). 

So S]\[(m) is finite. □ 

Proposition 5.24. Let V £ Mod{U q (o)). 

1) If V is an l-highest weight module then Xq(V) ^ as a finite number of dominant monomials. 

2) V has a finite composition series if and only if Xg(V) has a finite number of dominant 
monomials. 

Proof: 1) Let m be the highest weight monomial of Xg(^Oi an d ifli, • • • , o, r ) £ (C*) r as in remark 
5.22. From theorem 5.21 all monomials of Xq(V) are m S(m). Let N £ "L such that for all 
k £ {1, ■ • • ,r}, s > 0, i £ I, u i akq N+s(m) = 0. For m' £ (S(m) — {m}), m'm~ 1 is right-negative. 
If in addition m' is dominant, for all k £ {1, • • • , r}, s > 0, i £ I, u i akq N+s {m'mr 1 ) = (otherwise 
there would be one b £ C* ,i £ I such that Wi,b(m') = ^^(m'm -1 ) < 0). So a dominant monomial 
of (<S{m) — {m}) is in 5at(to), and we can conclude with lemma 5.23. 

2) As a simple module of the category Mod(W 9 (g)) is an ^-highest weight module (corollary 5.1), 
it follows from 1) that his ^-character has a finite number of dominant monomials, and we get the 
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same for a module with a finite composition series (lemma 5.13). As the g-character of a simple 
module has at least one dominant monomial, the converse is clear by induction on the number of 
dominant monomials with multiplicity. □ 

End of the proof of theorem 5.17. We can conclude the proof of theorem 5.17 because it suffices 
to establish that Z-highcst weight modules have a composition series (we have proved in addition 
that /-highest weight modules have a finite composition series). □ 

5.4. Finite length and tensor structure. In this section we prove the stability of the subcate- 
gory of finite length modules for the tensor structure. As a consequence we get a tensor category 
in the sense of [CE] . 

Proposition 5.25. Let V\, V2 G Mod(U q (g)) such that Xq{Vi) an d Xq(Vz) have a finite number of 
dominant monomials. Then Xq^Yi)Xq{^2) has a finite number of dominant monomials. 

Proof: It follows from the 2) of proposition 5.24 that V\ and V2 have a finite composition series, 
so we can suppose that they are simple. Let mi, mi be the highest weight monomials respectively 
of V\ and V2. The monomials of Xq(^i)Xq(^2) are in 5(mi)<S(m2)- Let (01, ■ • ■ ,a r ) G (C*) r as 
in remark 5.22 for m\ and mi (one can choose (a\, ■ ■ ■ ,a r ) so that condition of remark 5.22 is 
simultaneously satisfied for mi and mi). Let N G Z such that for all k G {1, • • • , r}, s > 0, i G /, 
u i,a k q N + B (mi) = u i akq N+s(m2) = 0. For a dominant m' = m^m^ G (iS(rai)>S(m2) — {mim2}), 
mjmj" 1 and m^m^ 1 are right-negative or equal to 1, so for all k G {1, • • ■ , r}, s > 0, i G /, 
u i,a k q N +s( m 'i m i ) = u i,a k q N + s ( m 2 m 2 ) = ( see the argument in the proof of 1) of proposition 
5.24). So m\ G S/v(mi), m' 2 G 5/v(m2) and we can conclude with lemma 5.23. □ 

In particular the Grothcndicck ring of modules in Mod(U q (g)) with a finite composition series is 
stable under the fusion product *. 

Let us prove a u-deformed version of proposition 5.24 : 

Lemma 5.26. Let V G Mod{U' q {Q)). 

1) If V is an (I, u) -highest weight module then Xq{V) has a finite number of dominant monomials. 

2) V has a finite composition series if and only if Y 9 (V^) has a finite number of dominant 
monomials. 

Proof: 1) It follows from theorem 4.6 and lemma 5.11 that Xq(Y) is equal to the g-character of an 
Z-highest weight W g (g)-module and so we can use 1) of proposition 5.24. 

2) We can conclude as in 1) of proposition 5.24. □ 

We can conclude with the main result of this section : 

Theorem 5.27. We use the notations of remark 3.3. The subcategory of finite length modules in 
Mod is stable under the monoidal bifunctor ® f . 

Proof: We get the result by combining 2) of lemma 5.26, theorem 5.12 and proposition 5.25. □ 

6. Applications 

In this section we develop several applications from the results of previous sections. First we 
prove that a simple module of the category Mod(W g (g)) is a quotient of fusion of fundamental 
representations (proposition 6.1). This is analog to a result of Chari-Prcssley for the usual tensor 
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product of quantum affine algebras (see [CP3, Corollary 12.2.8]). Wc establish a cyclicity property 
(/, u- highest weight property of fusion of /-highest modules) which allows to control the "size" of this 
fusion module (theorem 6.2 and corollary 6.3) : this property is completely different compared to 
the usual tensor product of quantum affine algebras (see remark 3.17), and the corresponding proof 
is independent of it. Then we establish exact sequences involving fusion of Kirillov-Reshetikhin 
modules (theorem 6.7). It is related to new generalized T-systems (theorem 6.10). For quantum 
affine algebras, such T-systems and related exact sequences involving usual tensor product of 
Kirillov-Reshetikhin modules were first established in [N3] for simply-laced cases and then in [H5] 
for the general case with a different proof. The proof of the new T-system is a slight modification of 
the proof of [H5] , but the proof of the corresponding exact sequence uses the fusion tensor product 
of the present paper. In subsection 6.3 wc address complements and question that we hope to 
discuss in another paper. 

In this entire section we use the notations of remark 3.3. 

6.1. Application to /-highest weight modules. In this section we first prove a general result 
analog to [CP3, Corollary 12.2.8], and then we prove the following new cyclicity property which 
has no analog for the usual tensor product : for V, V /-highest weight modules, i(V) ®/ i(V) is 
(/, w)-highest weight (theorem 6.2). 

6.1.1. Statement of the main results. First we have : 

Proposition 6.1. A simple module V of the category Mod(lA q {o)) is a quotient of a fusion of 
fundamental representations *f Li 1>ai */•••*/ L iK[ am . Moreover we have 

X 9 (^)I1 , M X q (L iuai ) = Xg (L(X,^)) + E 

A -»-m=l,"- ,M 

where E G y has positive coefficients. 

Proof: From corollary 5.1, V is of the form T(A, \1/) where (A, ^f) is a dominant /-weight. Let 
(Pi(u))i£i be the corresponding set of Drinfcld polynomials. Consider ((£i,ai), • ■ ■ , («A/,aA/)) G 
(I x C*) A/ such that for each i £ I, Pi(u) = n{ m |i =i}(l — ua m ). From corollary 4.9, the fusion 
module 

i (A-E ie jA«)A i ) */ £ti,ai */ L i2 .a 2 */•••*/ L lM ,a M 
is an /-highest weight module of /-highest weight (A, ^f) and so admits T(A, \&) as a quotient. 

From the first part and by lemma 5.13, we have x g (i Jli */ivj liai *f ■ -*f Li M ,a m ) — E' + Xq(L(X, ^)) 
where E' has positive coefficients. But *j Li 1>ai *f ■ ■ ■ */ Tj A/ .a m comes from an ^4-form of an 
^(g)-submodule of L M ®f L, ll01 ®f Li 2>a2 ®f ■ ■ ■ ®/ Li M , aM . So we can conclude with theorem 
5.12. □ 

The first part of proposition 6.1 is analog to a theorem of Chari-Pressley related to the usual tensor 
product for quantum affine algebras (see for example [CP3, cor. 12.2.8]). 

We can control the "size" of the fusion of /-highest weight modules. Indeed let us state the main 
result of this section which is a cyclicity property. 

Theorem 6.2. Let V, V £ Mod(U q (g)) be two l-highest weight modules. Then i(V) Cg>/ i(V) is an 
(I , u) -highest weight module. 

This theorem is proved in section 6.1.2. This result is completely different from the properties of 
the usual tensor product of quantum affine algebras (see remark 3.17, [Cha, Theorem 4] and [Kas2, 
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Theorem 9.1]). Here all fusion products are /-highest weight. Note that evidences of this result 
were observed in the examples of section 3.4. 

We have the following direct consequence of Theorem 6.2. 

Corollary 6.3. Let V\,V2,--- , V r € Mod{U q (Q)) be l-highest weight modules. Then the l-highest 
weight module V = V\ *f V 2 */ • • • */ V r satisfies Xq(V) = X q (Vi)xq(V 2 ) ■ ■ ■ Xg(K-)- 

In general (for example for quantum toroidal algebras) the existence of such "big" /-highest weight 
modules was not known so far. 

For quantum affine algebras, Weyl modules are certain maximal finite dimensional /-highest weight 
modules for fixed Drinfeld polynomial. Corollary 6.3 implies that the dimension of a Weyl module 
is larger that the product of the dimension of the corresponding fundamental representations (this 
result is already known, consequence of [Cha, Theorem 4] and consequence of [Kas2, Theorem 
9.1]). By analogy, for general quantum affinizations, a maximal integrable /-highest weight module 
would have such a fusion of fundamental representations as a quotient. In a paper in preparation 
these fusion modules will be used to study the block decomposition of Mod(U q (g)) (see section 
6.3.3). They are also used in the second application (in section 6.2). 

6.1.2. Proof of theorem 6.2. We first prove preliminary lemmas. Let us recall the following well- 
known result. 

Lemma 6.4. Let M > 0. The sequences ((A m m fe ) m >M)AeC*,fc>o are C-linearly independent. 

For convenience of the reader, we give a proof. 

Proof: For k > consider G k {z) = J2 m >o zmrnk - We have G {z) = 1/(1 — z) and G k+ i(z) = 
zG' k {z). So by induction on ft, we have G k (z) = P k {z)/(l-z) k+1 where P k (z) £ C[z] and P k (l) ^ 0. 
So G k (z) G 1/(1 - z) k+1 + Ek'<k^-Gk'(z) and (G fc (Az)) AeC ., fc > is a C-basis of C(z)/C[z±]. 
M > is fixed and consider G { k M) = E m >M z " lmk - We havc G k M \ zX ) G G k (z\) + C[z±] and so 
the G, M \zX) are linearly independent in C(z)/C[z ± ]. □ 
As a consequence, we have : 

Lemma 6.5. Let V be a <C(u)-vector space generated by vectors (fx,k,k')xec* ,fc>o,fe'>o- We suppose 
that only a finite number of these vectors are not equal to 0. For m > we consider (i m = 
XaeC* ,k>o,k'>o^ mmku ~ mk ' h-k.k' G V. Then V is generated by the (fx m ) m > . 

Proof: As V is a finite dimensional vector space we can prove the result by induction on dim(y). 
For V = {0} it is clear. In general let V C V be the subspace generated by the fi m , m > 0. Suppose 
that there is fx 0t k ,k' £ V '■ tnc induction hypothesis the image of V in V/ (C(u)fx ^ ko y ) 
generates the space V/ {C{u)fx ,k ,k' )■ So dim(V r ') = dim(F) — 1. Consider (j> ■ V — > C(u) a non zero 
linear map such that Ker(</>) = V . We have for all m > 0, X^AeC* k>o k '>oX m m k u~ mk 4>(fx,k,k') = 
0. As there is a finite number of non zero fx,k,k't we can consider P(u) £ (C(u) — {0}), such that 
(t>(fx,k,k')P(u) = Px^^'iu^ 1 ) where P\,k,k' & C[u]. As ^ 0, there is at least one polynomial 
P\,k,k' 7^ 0. Consider a maximal k' = K' such that there is (A, k) satisfying P\, k ,K' ^ 0. Let A be 
the set of (X,k,K') such that the polynomials Px,k,K' have a maximal degree. Let cnx,k,K' be the 
leading coefficient of Px.k.K' ■ There is M > such that for m > M, = Yl(x k K')&A^ mrn a \,k,K'- 
Contradiction because from lemma 6.4, the sequences (A m m fc ) m >M are C-linearly independent. □ 

In the following we denote U' q {\)) = U q (\)) ® C(u) C U' q {o). 
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Lemma 6.6. LetW be an object of Mod(U q (t))) andW C (W(g>C(u)) a C(u) -subs-pace of W®C{u). 
We consider 1Z G W q (t)) ® C(u) such that 1Z(W (g> C(u)) C W and which can be expanded in the 
form 1Z = J2 r >o uT 9r where go G C* and for r > 1, g r G W 9 (f}). TTien W = (g> C(u). 

Proof: It suffices to prove that for u> an Z- weight vector of W, we have w € W. The restriction 
of 7?. on U' q (\)).w is of the form (7H + n) where 7 G C(u) and 71 is nilpotent. Consider 7, e C 
the eigenvalue of g r on U' q (fy).w. As the g r commute, we have J = go + J2 r >o uT ^ r - ^ s 9° ^ 0, 
7 is invcrtiblc in C(u). So u>' = 7~ 1 X^„>o( n /7) u - w ma kes sense in U' q {\)).w. We can conclude as 
IZ.w' = w and by hypothesis IZ.w' G W . □ 

End of the proof of theorem 6.2 : 

Consider v G V\ (resp. v' G V\>) an /-highest weight vector of V (resp. of V'). Let W = 
Wq{Q).{v ® v'). We prove that W = i(V) ®/ i(V'). For a weight of i(V) ®f i(V), we have 
H G A + A' — Q + . The map /i is defined in section 2.1. Let us prove by induction on /i(A+A' — /a) > 
that (i(V) ®/ i(V))/-< c For ft,(A + A' — /i) = it is clear. In general let /ii,/i2 such that 
/i = and ^(KVi®/^')/^) c W- It suffices to prove that Ei G J,mez( a; l ~m( V i"i)®^ 2 ) c W 

and £ je/ , rneZ (V^ ®^ m (F;j) C W. 

Consider w G V^ 15 to' G V^ 2 . Let p G Z. Formulas (10) and (14) give for m G Z : x~ p _ m .(w ® 
w') = A + B + C where A = uP~ m w ® (arr,_ m .u/) , S = (xr,_ m .u;) ® (fc 4 .w') and C = 

From proposition 3.8, the properties of definition 3.6 are satisfied by i(V) and z(V'). So let us 
consider the decompositions of property iv) of definition 3.6 : we have for all m > 0, all w G V^, 
all w' G V' 



W-0 = £ A6C , fe> ^M,*K)- 



'Af=C*,fc>0 

r ■ 

Moreover we can consider the decomposition of lemma 3.7 : for r > 1, <j>f r (w') = X^eC* k>i^ Trk 9>^,k( 
Only a finite number of /a,*:, f'\ j., 3a, fc are not equal to zero. 

We have : 

a = v u - m A m TO fe ( M p u>®/ Afe (u/)), 



Aec*,fc>o 

AGC*,fc>0 / 

= E M . 1 .>n..,.., Am ™" S /^H^uK), 



'AGC*,fc>0,s=0,--- ,fc 

where 

fc V u r AV(A') r r fc 'sv fe <. 



Note that 7?. Sj a is independent of to. As <j)f r equals £agc* k>i^ rrk 9^- k m Fnd(V^ 2 ), it follows from 
lemma 6.5 that g\^ viewed in End(V^ 2 ) is an operator of W q (f)). And so 1Z S ^\ is also an operator 
of Ugft) viewed in End(V^). 

As A + B + C eW.it follows from lemma 6.5 that for all A G C*, K > : 

(21) ^®/a,#;)c^, 
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(22) ^^^ K) Id + E {(fe , s)|0 < s , M} A^^)(^ *K.) C W. 
From inclusion (21) we get Eiei.mezO^ ® ^mC^J) C W- 

Let us prove that Eie/ m6 z( a; i~m(^i ) ® K* 2 ) c We nx A G C*. Let A' be the maximal k such 
that /x,/b ^ 0. We prove by induction on K Q - K > that (/a,k(V M i) (8 V') C W. Let u/ be an 

/-weight vector in V^. For K = K , inclusion (22) gives A.jCoC^J® (gf + 72o,a(u/)) C W. 
From the defining formula of TZo,\, we can use lemma 6.6 and we get (f\,K {^L) ® C W. So 

(/A.JCoC^IJ®^) C W. For A" < K , w G V^ w' G the vector /*,*(«;) <8 {{q^ ] +K^x)-w r ) 
is equal to 

By inclusion (22) the first term in in W . The induction hypothesis gives that the second term is in 

W . So f\ t K{w)®{{q^ 2 +7Zo : \).w') G W. If moreover w' is an Z-weight vector, from the defining 
formula of 7£o,A we can use lemma 6.6 and we get (fx,K(w) 55 u/) G W. So (/A.jtCV^) ® V^ 2 ) C W 
and Ei^ezKm^x) ® V^) CW. □ 

6.2. Application to exact sequences involving generalized Kirillov-Reshetikhin mod- 
ules. Exact sequences involving usual tensor products of Kirillov-Reshetikhin modules and related 
to T-systems were first established in [N4, N3] for simply-laced quantum affinc algebras and in [H5] 
with a different proof for general quantum affine algebras. These relations arc of particular im- 
portance because they imply the Kirillov-Reshetikhin conjecture which predicts explicit formulas 
for the characters of the Kirillov-Reshetikhin modules (see [N3, H5]). In this section we establish 
analog exact sequences for a large class of general quantum affinizations : we replace the usual 
tensor product of quantum affine algebras by the fusion tensor product * / introduced in this paper 
for quantum affinizations and we use the cyclicity property established in theorem 6.2. 

6.2.1. Statement of the main result. We suppose that C is a generalized symmetrizable Cartan 
matrix satisfying the condition (20) (it includes quantum affine algebras and quantum toroidal 
algebras, except for A^,A^, l>0). 

For r>0,aG<C*,iG / consider the following fusion module 

(23) ffW = l,w fe)|c . i<0 | i</ : <-c^.} W _ J c . ti+B(ri(r _ )b)/r . ))a3 -C3.- 1 )/c i , j ) 
where 

vfl = r(Ai - af) - V (-Cj i + E(rJr - fc)/r,-))A,-. 

The motivation for these formulas is that lemma 6.16 studied below is satisfied. A priori, the 
W g (g)-module S^ a is not well-defined because it could depend of the order of the terms, but : 

Theorem 6.7. Let i G a G C, r > 1. Then 

(1) the module Sr% is well-defined and simple, 

(2) the module Wf+i,a */ W^_ x aq2 is simple, 

(3) there exists an exact sequence 

-» S® -» IF W * f W (i) , -> W {i L * f W {i) 2 -» 

" "r,a " r,a J " r ,aq 2 " r+l,a J r — l.aq 2 
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These results appeared for quantum affinc algebras, with <g> instead of */, first in [N3] (simply-laced 
cases) and then in [H5] (general cases). 

^ s Wfc <j * / ^k liq 2 * s ^-highest weight (corollary 4.9), theorem 6.7 implies that it is not semi-simple. 

Theorem 6.7 is proved in this section 6.2. The proof of the corresponding result for (/-characters 
is a slight modification of the proof of [H5], but the proof of the exact sequence uses the new 
developments of the present paper. 



6.2.2. Preliminary results. 

Definition 6.8. A lA q (g) -module of Mod(U q {o)) is said to be special if his q-character has a unique 
dominant monomial. 

Corollary 6.9. Let {(Ai, ^fi), • • • , (Am, ^m)} be a set of dominant l-weights and (A, ^) such that 
Xx,* = Ilm=i ■■■ M^(A m ,* m )- Suppose that only the unique dominant monomial 1a, * appears in 
Hm=l,- ,MXq( L (^m,^m))- Then we have 

L(X, *) ~ L(A ct( i),* ct( i)) */ i(A CT(2 ), *<r(2)) */ • • • */ L(\ a(M) ^ a(M) ). 
In particular this fusion module is special and independent of the order of the terms. 

Proof: In the second statement of proposition 6.1 we have necessarily E = because of theorem 
5.19. □ 



6.2.3. New generalized T-systems. The proof of theorem 6.7 is based on the fact that the q- 
charactcrs of Kirillov-Rcshctikhin modules solve the following generalized T-system : 

Theorem 6.10. Let a G C*, r > l,i € I. We have 

where X a (fiW) = X q (L w )TT Xg(W U) -tn-u/o- • )■ 

(Note that this result is also satisfied for the algebra U q (g) with affine quantum Serre relations (7) 
as it only involves only g-characters and so makes sense in the Grothendieck group. In particular 
for this result the restriction of remark 3.3 is not necessary.) 

For quantum affine algebras T-systems were first established in [N3] (simply-laced cases) and for 
all types in [H5] with a different proof. They can be considered as " induction" systems of relations 
for the g-characters of Kirillov-Reshetikhin modules. In this paper we follow the proof of [H5] 
(whose parts of the plan first appeared in [N3]) to get the generalized result of theorem 6.10. Note 
that in the particular case of simply-laced quantum toroidal algebras, geometric constructions are 
discussed in [N2, Section 6]; so in analogy to the case of simply-laced quantum affine algebras, 
there could be an alternative geometric proof for the T-systems of simply-laced quantum toroidal 
algebras. 

This definition of a T-system for this larger class of Cartan matrix is new. It coincides with the 
definition for quantum affine algebras [KNS]. Indeed we have : 

Lemma 6.11. For i G I such that n > 1, we have 
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For i £ I such that n = 1, we have 

Xq(S®) = X«( I '^i)(II { ( J - 1 fc)| J -6/,0 Jl4 =-l and fce{l,... .r^X'^+W-WrjW*- 1 )) ' 

Proof: Let ieJ,aGC*,r>0 fixed. For j such that Cj- ^ < denote 



^=n i<fe < c X « (WU r +r< i n, . -<»-*/°J- 



We have x,(S$) = 1 1 / r . o) x j- 

First suppose that r.i > 1. Property 4) of lemma 5.16 gives dj = —1 and so Xj = Xq^Wi+EinU—i) lr) a 
Property 5) of lemma 5.16 gives that (Cjj = —1 or Cj i = — r^). 

If Cj i = — 1, we have r t = rj and 
If Cj.j = —Ti, we have rj = 1 and 

^• = x,(w^ -v Ci J = x 9 (w;« s(ri(r _ 1)))0g ) = x g (^, ag ). 

-C j>i +E{r i {r—l)/rj),aq j ' J lT v ' 



Secondly suppose that r, = 1. From property 3) of lemma 5.16, we have Cj t i = —1, rj = —C% t j 
and 

rU) \ TT „ m/« 

l+E((>-/s)/rj),ag- r i ( 

□ 



Xj ~ IIfe=l, ... 1 r^ 9 ^l+B((r-ft)/rO,o«- r '- (2 ' e - 1)/C< .^ ~ IIfe=l, ... >r . X ^ W l+E((r-k)/r :i ),aq"'-^' 



6.2.4. £Y»i of the proof of theorem 6.10. We use a slight modification of the proof of [H5, Theorem 
3.4 (1)]. A part of the plan of this proof (in particular theorem 6.14) first appeared in [N3] for 
simply-laced quantum affine algebras with different geometric arguments inside the proof which 
can be used only for simply-laced cases so far. In this section we recall the main steps of this proof. 
Moreover we give the list of results of [H5] whose proof has to be slightly modified for the general 
situation considered in theorem 6.10. 

Let us denote by mjj. a the highest weight monomial of Xq^Wka)' We have the following three 
steps : 

1) The first step is an analog of [H5, Lemma 4.4]. 

Lemma 6.12. For m a monomial occurring in Xq(Wka)> (( m ^ m fca) ^ ( m — m ^ _1 2fe-i))- 

In the proof of this result, first an analog of the technical result [H5, Lemma 4.3] is needed. But 
it follows from lemma 5.16 that the quantized Cartan matrix is invertible, and so we can use [H3, 
Lemma 5.10] in this situation. To prove lemma 6.12, we also need 

Lemma 6.13. Let X be a weight and j E I such that {Wj. )\ ^ {0} and A = fcA, — oij. Then 
i = j- 

Proof: It follows from [H4, Corollary 3.10] that the result is true for fc = 1. So the result follows 
from proposition 6.1. □ 

Then we can conclude word by word the proof of lemma 6.12 as in [H5, Lemma 4.4]. 

2) As a direct consequence of lemma 6.12, we have : 
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Theorem 6.14. The Kirillov-Reshetikhin modules are special. 

This result is useful for our study because from theorem 5.19, we get a characterization of the 
q-charactcr of Kirillov-Reshetikhin modules. 

3) The last step is to prove the T-system by using theorem 5.19. So we need to determine the 
dominant monomials of the ^-characters involved in the T-system. First we have an analog of the 
first part of [H5, Proposition 5.3]. 

Lemma 6.15. is special. 

Proof: To use the proof of [H5], we need an analog of [H5, Lemma 5.2] which is a technical 
combinatorial lemma on monomials of Xqi^rji)- We use the notations of [H5], except that we 
denote by r the k of [H5]. The inequality (3 = /i a (A^ 1 2k _j) > n a (a) has to be studied. First we 

n-aq H l 

have n a (a) < 2r^r — 1. Then by using the description of lemma 6.11, we get 
if r i > 1 and rj = r^, then (3 = r, + 2rjr = r, + 2fjr, 
if ti > 1 and rj = 1, then (3=1 + Ir^jT = 1 + 2r^r, 

if n = 1, then /3 = 2k - 1 + 2rj(l + E((r - k)/r 3 )) > 2k - 1 + 2rj((r - k)/rj) = 2rr t - 1. □ 

One can check exactly as in [H5] that Xg(Wr,2)Xg(^,ag?) - Xq(Wr%,a)Xq{wl % l laq -z) has a unique 
dominant monomial. 

To conclude the proof of the T-system, we need an analog of the end of the statement of [H5, 
Proposition 5.3], that is to say : 

Lemma 6.16. The highest weight monomial of Xq{Sr%) is the unique dominant monomial of 

Xq(W%)Xq(W^ q2 ) - XqiW^ a )Xq(W^ l aq? ). 

Proof: It suffices to check that 

TTlu „ TTl, 9 A . 9t_ 1 A . 9, 3 * ■ ' -*4„' „ „ 

k,a k,aqf i,aqf t,aqf J l >°<3; 

= k , (t) , I I [k v (K.\Y -(2fc-i)/a i ,-+2(t-i) J. 

"(« / r,o)lJ.{(j,fc,t)|C,-,i<0 , l<k<-Ci,j and tG{l,- >-Cj,i+-E(r l (r-fc)/i-j)}} V 3 ; J,o?j 3 

This follows from a case by case investigation as in the description of lemma 6.11. □ 

6.2.5. End of the proof of theorem 6.7. (1) Consequence of corollary 6.9 and lemma 6.15. 

(2) Same proof as for [H5, Theorem 6.1 (2)]. 

(3) To conclude it suffices to prove that */ W^ aq2 ) = Xq(W%l )x q {W^ aq2 ). This point 
follows from theorem 6.2. 

(Observe that we also have a more direct proof of the point (3) from explicit computations 
: for the type s?2 the result follows from proposition 3.18 and theorem 5.12. For general g, 
the sub ^-module of Wjp a * / ? generated by an highest weight vector is isomorphic to the 

module obtained in the s^-case because Ui ~ U qi (sl2) is sub Hopf algebra of U q (g) for A„. So in 
Xq(Wk,a *f ^kaq 2 ^ we nave an dominant monomials of Xq{W^ a )Xq(W^ aq2 ) listed in [H5, Lemma 
5.6], and so E = in the second part of proposition 6.1.) □ 
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6.3. Complements, further possible developments and applications. In this section we 
present questions, possible developments and applications motivated or related to the results ad- 
dressed in this paper. We hope to discuss these points in other papers. 

6.3.1. Drinfeld coproduct. The algebra U q {o) is defined in section 3.1 (without affine quantum 
Serre relations (7)). Denote by 0^Aw\, ■ ■ ■ ,w s ,z) the left member of equality (7) viewed in the 
algebra U q (g). We conjecture that these elements are quasi-primitive, that it to say that we have 
mU' q (8)®U' q (g) : 

A u (9fj(wi, ■ ■ ■ ,w s ,z)) = Olj(wi, ■ ■ ■ ,w s , z)(g>l + (j>~(wi) ■ ■ ■ (f>~ (w s )(/>J (z)®6fj(uwi, ■ ■ ■ ,uw s ,uz), 

A u (0r.(tui, • • • ,w s ,z)) = 1(8)0^. (mui, • • • ,uw a ,uz)+67 j {wi, ■ ■ ■ , w s , z)®4>~l(uw 1 ) ■ ■ ■ (f>f{uw s )(f>+{uz). 

The result is known for CijCji < 3 (see [E, G]). This conjecture implies that the Drinfeld 
coproduct is compatible with affine quantum Serre relations (7) and that all the results of this 
paper can be stated for the algebra U q (g) with these relations. In particular the restriction of 
remark 3.3 would be useless. 

6.3.2. Q-system and fermionic formulas. Let Res be the restriction functor from the category of 
£/ g (g)- modules to the category of W g (g)-modules. Denote = Res(W^). 

We have the following direct consequence of standard results (see [CP2, CP3]). 
Lemma 6.17. QY' is well-defined (ie. Res{w[ 1 ) is independent of a £ C*). 

We give a proof for the convenience of the reader. 

Proof: Let r a : U q (g) — > U q ($) be the standard algebra automorphism defined by T a (x^ m ) = 
a±m z± m , T a {hj, r ) = a r h 3 , r , Taic^ 2 ) = c* 1 ' 2 , T a {k h ) = k h (sec [CP2, CP3]). Then U q { Q ) is 
invariant by r a and W^ a is obtained from by pull-back by r a . □ 

Consider \ the usual character morphism for representations in Mod(W g (g)) and [3 the linear map 
on y such that for a monomial m, (3(m) = uj(m). We have (3 o \q — X ° P- es ( see [FP: Theorem 
3]). So theorem 6.10 implies : 

Theorem 6.18. Let i £ I,r> 1. We have : 
QW 9 Q« = Q« , ® Q?_ , (Res(L^) ® ((g) {( . fe)|c ^ <0 ^.^j^+^r-*)/^,))- 
Moreover : 

Theorem 6.19. For z £ I,a £ P, W« = X,^)^,^^ ■ • • ^-.*-WAy) 
considered as a polynomial in A~\ has a limit as a formal power series, that is to say 

Blim^W^ £ Z[[ATt}] jeItbeC *. 

In particular for i £ I, Q]l = x(Qfc )e~ feA< considered as a polynomial in e~ aj has a limit as a 
formal power series, that is to say 

llimu^Qf £Z[[e-°% GJ . 
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Such a result was first proved in [N3] for simply-laced quantum affinc algebras and then in [H5] 
for general quantum affine algebras. These asymptotic properties are a crucial point in the proof 
of the Kirillov-Reshctikhin conjecture. In particular it seems natural that it should be possible to 
establish generalized fermionic formulas for the general as in [HKOTY]. 

Besides it should be possible to give an interpretation of the general T-system (theorem 6.10) in 
terms of intcgrable systems as in the original approach [KNS] . 

6.3.3. Other possible applications and developments. After an explanation by A. Moura of the 
proof of [CM] , it seems that the quantum fusion tensor category constructed in this paper will lead 
to a description of the block decomposition of the category Mod(U q (g)) in the spirit of [CM], the 
usual tensor product being replaced by the fusion tensor product *f in the proofs. We hope to 
treat this point in a separate publication. 

It should be possible to establish a link with the fusion modules defined in [FL] for classical affine 
algebras. Indeed we use for u the Z-grading of U q {Q) which is the quantum analog of the natural 
grading of fl^]. 

We also would like to mention the following points. In this paper only the case q generic is 
considered; an analog theory for the root of unity cases has still to be established. As mentioned 
in the introduction there should be other examples of the construction used in this paper and a 
more general framework involving " quantum Hopf vertex algebras" still to be defined. Eventually, 
as we have a forgetful functor to the category of vector spaces, the tensor category constructed 
in this paper should lead to the construction of certain new Hopf algebras A in a Tannaka-Krcin 
reconstruction spirit. 
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